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(1)The standard explosion mechanism 
Neutrino driven explosion, 
                                              Colgate&White’66, Bethe&Wilson’85 
                       For reviews,  Janka’12, Kotake+,’12, Burrows+,’13

~99% of internal energy 
is radiated away 

via neutrinos (~1053ergs) 

—>  ~10% energy deposition 
is enough to explain 

Eexp~1051ergs
O’Connor & Couch, ‘18

Vartanyan+, ‘19
Müller+, ‘17

Takiwaki+, ‘16

Numerical simulations 
can’t fully explain 

canonical explosion energies
• neutrino-matter interactions? 
• resolution problem? 
• too short simulation time?



(1)The standard explosion mechanism 
Neutrino driven explosion, 
                                              Colgate&White’66, Bethe&Wilson’85 
                       For reviews,  Janka’12, Kotake+,’12, Burrows+,’13

(2)If the magnetic field is strong enough 
MHD explosion, • Angular momentum transfer 

• Mass ejection by B pressure 
• efficient neutrino heating

PNS

Mösta+,’14
Obergaulinger+,’17

Things still to be explored 
• resolution problem->MRI? 
• 2D artefacts ->3D non-axisymmetries 
• microphysics->neutrino effects

2D: Ardeljan+,’00, Kotake+,’04, Obergaulinger+,’06,’17,  Burrows+,’07, Takiwaki+,’09,  
3D: Mikami+, ’08;                Newtonian, no neutrino, Polytropic EOS 
       Mösta+,’14;                  full GR but very simplified neutrino transport 
       Obergaulinger+,’19;    SR with M1 neutrino transport (preliminary result) 



Motivations

How do these different explosion mechanisms 
imprint their messages into neutrino signals? 
Does LESA appear ? 
How do neutrinos affect on the nucleosynthesis?

Lepton emission self-sustained asymmetry (LESA), Tamborra+2014

Large lepton number flux

Small lepton number flux

Numerical (RbR) 
artefact?



Can the MHD explosion be the r-process site?

2D:Nishimura+,’15

Strong MHD jet can potentially produce the 3rd peak           
(due to low-Ye ejeta)   
Neutrino radiation & 3D effects might significantly 
influence on the ejecta Ye (but still-to-be-explored)

3D:Mösta+,’18

color: different Lnu
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2.1. Metric equations

We write the spacetime metric in the standard (3+1) form:

ds2 = −α2dt2 + γij(dxi + βidt)(dxj + βjdt), (4)

where α, βi, and γij are the lapse, shift, and spatial metric, respectively. The extrinsic curvature
Kij is defined by

(∂t − Lβ)γij = −2αKij , (5)

where Lβ is the Lie derivative with respect to βi. The evolution of γij and Kij is governed by the
Einstein equation Gµν = 8πTµν (total), where Gµν is the Einstein tensor and Tµν (total) is the total
stress-energy tensor (e.g., Equation (1)).

We evolve γij and Kij using the BSSN formulation (Baumgarte & Shapiro 1999; Shibata &
Sekiguchi 2005b; Duez et al. 2006), in which the fundamental variables are

φ ≡ 1
12

ln[det(γij)] , (6)

γ̃ij ≡ e−4φγij , (7)

K ≡ γijKij , (8)

Ãij ≡ e−4φ(Kij −
1
3
γijK) , (9)

Γ̃i ≡ −γ̃ij
,j . (10)

The Einstein equation gives rise to the evolution equations for the BSSN variables as,

(∂t − Lβ)γ̃ij = −2αÃij (11)

(∂t − Lβ)φ = −1
6
αK (12)

(∂t − Lβ)Ãij = e−4φ
[
α(Rij − 8πγiµγjνT

µν
(total) − DiDjα

]trf
+ α(KÃij − 2Ãikγ̃

klÃjl)

(13)

(∂t − Lβ)K = −∆α + α(ÃijÃ
ij + K2/3) + 4πα(nµnνT

µν
(total) + γijγiµγjνT

µν
(total)) (14)

(∂t − βk∂k)Γ̃i = 16πγ̃ijγiµnνT
µν
(total)

−2α(
2
3
γ̃ijK,j − 6Ãijφ,j − Γ̃i

jkÃ
jk)

+γ̃jkβi
,jk +

1
3
γ̃ijβk

,kj − Γ̃jβi
,j +

2
3
Γ̃iβj

,j + βjΓ̃i
,j − 2Ãijα,j , (15)

where D denotes covariant derivative operator associated with γij , ∆ = DiDi,“trf” denotes the
trace-free operator, nµ = (−α, 0) is the time-like unit vector normal to the t = constant time slices.
In Equation (13), the explicit form of DiDjα reads

DiDjα = ∂i∂jα − Γk
ij∂kα

= ∂i∂jα −
[
Γ̃k

ij + 2
(
δk
j ∂iφ + δk

i ∂jφ − γ̃ij γ̃
kl∂lφ

)]
∂kα. (16)

(2011), we take the variable Eddington factor ( )c e as
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In Equation (8), h g u uº +mn mn m n is the projection operator.
As we will discuss later, by the definition of F̄( )e in Equation (8),
one can appropriately reproduce several important neutrino
behaviors, for example, neutrino trapping in the rapidly
collapsing opaque core. We iteratively solve the simultaneous
Equations (7)–(8) to find the converged solution of ( )c e .

The hydrodynamic equations are written in a conservative
form as
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where W
*
r r g= , S hWui ir= , S hu u Pij i j ijr g= + ,

S Sk
k ij

ijg= , S hW P0
2r= - , and log 12( )f g= . ρ is the rest

mass density, W is the Lorentz factor, h e P1 r= + + is the
specific enthalpy, v u ui i t= , S W0t r= - , Y n ne e bº is the
electron fraction (nX is the number density of X), e and P are the
specific internal energy and pressure of matter, respectively,
and mu is the atomic mass unit. P s Y, , e( )r and e s Y, , e( )r are
given by an equation of state (EOS) with s denoting the entropy
per baryon. We employ an EOS by Lattimer & Douglas Swesty
(1991, hereafterLS220;see Section 5.1 for more details). In
the right-hand side (rhs) of Equation (11), Di represents the
covariant derivative with respect to the three metric ijg .

2.2. Conservation of Energy and Lepton Number

As explained in Section 2.1, the formalism of our code that
treats the radiation-hydrodynamics equations in a conservative
form is suitable to satisfy the energy conservation of the total
system (neutrinos and matters;see also Kuroda & Umeda
2010and Kuroda et al. 2012 for more details). Let us first show
how the energy conservation law is obtained in our code.

To focus only on the energy exchange between the matter
and neutrino radiation field, we omit the gravitational source
term in the following discussion. Then, the equations of energy
conservation of matter and neutrinos (e.g., Equations (4) and

(11)) become
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From the above two equations, one can readily see that the total
energy (sum of matter and neutrinos) contained in the
computational domain, E dx d Em

3 ( )( )ò òg t eº +n e , is con-
served in our basic equations as long as there is no net energy
flux through the numerical and momentum space boundaries
(i.e., d M n 0[ ( ˜ )]( )ò e e¶ =e e

m
m ).

The lepton number conservation needs to be satisfied with
good accuracy because it determines the PNS mass and the
postbounce supernova dynamics. We here explain how we treat
it in our code. As for the electron and neutrino number
conservation, the basic equations are given by
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with J H L, , , ,1( ) ( )"  $ eºa ab a ab- . The conservation equa-
tion for neutrinos(16) corresponds to Equation (3.22) (divided
by ε) in Shibata et al. (2011). Since the neutrino number
density measured by an Eulerian observer is expressed as

n d q , 19,Euler ,
0 ( )( )ò e ga=n n e

the equation of the total lepton number conservation becomes

Y Y v m d q q 0.

20
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Here the total lepton fraction Yl is defined by
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m
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From Equation (20), one can readily see that the total lepton
number is conserved irrespective of the included neutrino
matter interaction processes in case there is no net flux through
the numerical and energy space boundaries. The distribution of
Yl into the each component (e.g., Y Y Y, ,e e ēn n ) is determined by
the details of the implemented microphysics, which should be
checked carefully and will be reported in Section 5.
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GRMHD (9 variables):  3rd and 2nd order 
accuracy in space and time, respectively

∂tBi = ∂k(Bkvi − Bivk)

formalism (Thorne 1981), which is extended by Shibata et al.
(2011) in a more suitable manner applicable to the neutrino
transport problem. Regarding the neutrino–matter interaction
terms, we employ a baseline set of weak interactions as given
in Bruenn (1985) and Rampp & Janka (2002), where nucleon–
nucleon bremsstrahlung is additionally taken into account. Our
newly developed code is designed to evolve the Einstein field
equation together with the GR radiation hydrodynamic
equations in a self-consistent manner while satisfying the
Hamiltonian and momentum constraints. A nested structure
embedded in the 3D Cartesian computational domain enables
us to follow the dynamics starting from the onset of
gravitational collapse of a 15 Me star (Woosley & Wea-
ver 1995), through bounce, up to about ∼50 ms postbounce.
Since, it is still computationally too expensive to follow long-
term evolution in full 3D until the neutrino-driven explosion
takes place (e.g., at the earliest ∼200 ms after bounce (Bruenn
et al. 2009; Marek & Janka 2009) or ∼500 ms in 2D-GR
calculation (Müller & Janka 2014), we mainly focus on
detailed comparisons between our pseudo-1D neutrino profiles
computed in the 3D Cartesian coordinates and previous 1D
results to check the validity of our new code in the early
postbounce phase.

This paper is organized as follows. In Section 2, after we
shortly introduce the formulation of the GR transport scheme,
we describe the governing equations of hydrodynamics and
neutrino transport in detail. Some practical implementation
schemes how to satisfy important conservative quantities such
as lepton number, energy, and momentum are given in
Section 3. The main results and detailed comparisons with
previous studies are presented in Section 5. Note that
geometrized unit system is used in Sections 2 and 3, i.e., the
speed of light, the gravitational constant and the Planck
constant are set to unity: c G h 1= = = , and cgs units
areused in Section 5. Greek indices run from 0 to 3 and Latin
indicesfrom 1 to 3.

2. FORMALISM

This section starts with a brief summary of the basic equations
and the numerical schemes of GR radiationhydrodynamics.

Following our previous work (Kuroda et al. 2012), our code
consists of the following three parts, where the evolution
equations of metric, hydrodynamics,and neutrino radiation are
solved. Each of them is solved in an operator-splitting manner,
but the system evolves self-consistently as a whole, satisfying
the Hamiltonian and momentum constraints. Regarding the
metric evolution, the spatial metric ijg (in the standard (3+1)
form: ds dt2 2 2a= - + dx dt dx dt ,ij

i i j j( )( )g b b+ + with α

and ib being the lapse and shift, respectively) and its extrinsic
curvature Kij are evolved using the BSSN formulation (Shibata
& Nakamura 1995; Baumgarte & Shapiro 1999;see Kuroda
et al. 2012, 2014 for more details).

2.1. Radiation Hydrodynamics

There are major differences compared to our previous code
(Kuroda et al. 2012).On the one hand, we evolved anenergy-
integrated (“gray”) neutrino radiation field with an approximate
description of neutrino–matter interaction based on the neutrino
leakage scheme, andon the other hand we now solve the
spectral neutrino transport where the source terms are treated
self-consistently following a standard procedure of the M1

closure scheme (Shibata et al. 2011). For convenience, we
briefly summarize the basic equations of our newly developed
code in the following (see Shibata et al. 2011 and Cardall et al.
2013a for the complete derivation).
The total stress–energy tensor T total( )

ab is expressed as

T T d T , 1total fluid
, ,

,
e e x

( )( ) ( )
¯

( )ò åe= +ab ab

n n n n
n e
ab

Î

where T fluid( )
ab and T ,( )n e

ab arethe stress–energy tensor of fluid and
theenergy-dependent neutrino radiation field, respectively.
Note in the above equation, summation is taken for all species
of neutrinos ( , ,e e x¯n n n ) with xn representing heavylepton
neutrinos (i.e., ,n nm t and their anti-particles), and ε represents
neutrino energy measured in the comoving frame with the fluid.
For simplicity, the neutrino flavor index ν is omitted below.
With introducing radiation energy (E( )e ), radiation flux

F( )( )e
m ,and radiation pressure P( )( )e

mn , measured by an Eulerian
observer or (J( )e , H( )e

m and L( )e
mn) measured in a comoving frame,

T( )e
mn can be written in covariant form as

T E n n F n F n P , 2( )( ) ( ) ( ) ( ) ( )= + + +e
mn

e
m n

e
m n

e
n m

e
mn

J u u H u H u L . 3( )( ) ( ) ( ) ( )= + + +e
m n

e
m n

e
n m

e
mn

In the above equations, n 1 , k( )a b a= -m is a unit vector
orthogonal to the space-like hypersurface and um is the four
velocity of fluid. In the truncated moment formalism
(Thorne 1981; Shibata et al. 2011), one evolves radiation
energy (E( )e ) and radiation flux (F( )e

a ) in a conservative form
and P( )e

mn is determined by an analytic closure relation (e.g.,
Equation (6)). The evolution equations for E( )e and F( )e

a are
given by
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m

respectively. Here γ is the determinant of the three metric
det ij( )g gº and S( )e

m is the source term for neutrino matter
interactions (see Appendix A for the currently implemented
processes). M̃( )e

m is defined by M M u˜( ) ( )º �e
m

e
mab

b a,where M( )e
mab

denotes the third rank moment of theneutrino distribution
function (seeShibata et al. 2011 for the explicit expression).
By adopting the M1 closure scheme, the radiation pressure

can be expressed as

P P P
3 1

2

3 1

2
, 6ij ij ij

thin thick

( )
( )( )

( )
( )

( )
( )

c c
=

-
+

-
e

e
e

e
e

where ( )c e represents the variable Eddington factor, andPij
thin( )e

and Pij
thick( )e correspondto the radiation pressure in the optically

thin and thick limit, respectively. They are written in terms of
J( )e and H( )e

m (Shibata et al. 2011). Following Minerbo (1978),
Cernohorsky & Bludman (1994), and Obergaulinger & Janka
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formalism (Thorne 1981), which is extended by Shibata et al.
(2011) in a more suitable manner applicable to the neutrino
transport problem. Regarding the neutrino–matter interaction
terms, we employ a baseline set of weak interactions as given
in Bruenn (1985) and Rampp & Janka (2002), where nucleon–
nucleon bremsstrahlung is additionally taken into account. Our
newly developed code is designed to evolve the Einstein field
equation together with the GR radiation hydrodynamic
equations in a self-consistent manner while satisfying the
Hamiltonian and momentum constraints. A nested structure
embedded in the 3D Cartesian computational domain enables
us to follow the dynamics starting from the onset of
gravitational collapse of a 15 Me star (Woosley & Wea-
ver 1995), through bounce, up to about ∼50 ms postbounce.
Since, it is still computationally too expensive to follow long-
term evolution in full 3D until the neutrino-driven explosion
takes place (e.g., at the earliest ∼200 ms after bounce (Bruenn
et al. 2009; Marek & Janka 2009) or ∼500 ms in 2D-GR
calculation (Müller & Janka 2014), we mainly focus on
detailed comparisons between our pseudo-1D neutrino profiles
computed in the 3D Cartesian coordinates and previous 1D
results to check the validity of our new code in the early
postbounce phase.

This paper is organized as follows. In Section 2, after we
shortly introduce the formulation of the GR transport scheme,
we describe the governing equations of hydrodynamics and
neutrino transport in detail. Some practical implementation
schemes how to satisfy important conservative quantities such
as lepton number, energy, and momentum are given in
Section 3. The main results and detailed comparisons with
previous studies are presented in Section 5. Note that
geometrized unit system is used in Sections 2 and 3, i.e., the
speed of light, the gravitational constant and the Planck
constant are set to unity: c G h 1= = = , and cgs units
areused in Section 5. Greek indices run from 0 to 3 and Latin
indicesfrom 1 to 3.

2. FORMALISM

This section starts with a brief summary of the basic equations
and the numerical schemes of GR radiationhydrodynamics.

Following our previous work (Kuroda et al. 2012), our code
consists of the following three parts, where the evolution
equations of metric, hydrodynamics,and neutrino radiation are
solved. Each of them is solved in an operator-splitting manner,
but the system evolves self-consistently as a whole, satisfying
the Hamiltonian and momentum constraints. Regarding the
metric evolution, the spatial metric ijg (in the standard (3+1)
form: ds dt2 2 2a= - + dx dt dx dt ,ij

i i j j( )( )g b b+ + with α

and ib being the lapse and shift, respectively) and its extrinsic
curvature Kij are evolved using the BSSN formulation (Shibata
& Nakamura 1995; Baumgarte & Shapiro 1999;see Kuroda
et al. 2012, 2014 for more details).

2.1. Radiation Hydrodynamics

There are major differences compared to our previous code
(Kuroda et al. 2012).On the one hand, we evolved anenergy-
integrated (“gray”) neutrino radiation field with an approximate
description of neutrino–matter interaction based on the neutrino
leakage scheme, andon the other hand we now solve the
spectral neutrino transport where the source terms are treated
self-consistently following a standard procedure of the M1

closure scheme (Shibata et al. 2011). For convenience, we
briefly summarize the basic equations of our newly developed
code in the following (see Shibata et al. 2011 and Cardall et al.
2013a for the complete derivation).
The total stress–energy tensor T total( )

ab is expressed as

T T d T , 1total fluid
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where T fluid( )
ab and T ,( )n e

ab arethe stress–energy tensor of fluid and
theenergy-dependent neutrino radiation field, respectively.
Note in the above equation, summation is taken for all species
of neutrinos ( , ,e e x¯n n n ) with xn representing heavylepton
neutrinos (i.e., ,n nm t and their anti-particles), and ε represents
neutrino energy measured in the comoving frame with the fluid.
For simplicity, the neutrino flavor index ν is omitted below.
With introducing radiation energy (E( )e ), radiation flux

F( )( )e
m ,and radiation pressure P( )( )e

mn , measured by an Eulerian
observer or (J( )e , H( )e

m and L( )e
mn) measured in a comoving frame,
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mn can be written in covariant form as
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In the above equations, n 1 , k( )a b a= -m is a unit vector
orthogonal to the space-like hypersurface and um is the four
velocity of fluid. In the truncated moment formalism
(Thorne 1981; Shibata et al. 2011), one evolves radiation
energy (E( )e ) and radiation flux (F( )e

a ) in a conservative form
and P( )e

mn is determined by an analytic closure relation (e.g.,
Equation (6)). The evolution equations for E( )e and F( )e

a are
given by
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respectively. Here γ is the determinant of the three metric
det ij( )g gº and S( )e

m is the source term for neutrino matter
interactions (see Appendix A for the currently implemented
processes). M̃( )e

m is defined by M M u˜( ) ( )º �e
m

e
mab

b a,where M( )e
mab

denotes the third rank moment of theneutrino distribution
function (seeShibata et al. 2011 for the explicit expression).
By adopting the M1 closure scheme, the radiation pressure

can be expressed as
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where ( )c e represents the variable Eddington factor, andPij
thin( )e

and Pij
thick( )e correspondto the radiation pressure in the optically

thin and thick limit, respectively. They are written in terms of
J( )e and H( )e

m (Shibata et al. 2011). Following Minerbo (1978),
Cernohorsky & Bludman (1994), and Obergaulinger & Janka
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GR-Rad (4x3xNene variables):  3rd and 2nd 
order accuracy in space and time, respectively

In GRMRHD code, one solves these 3 
systems with (26+12*Nene) variables 

satisfying the Hamiltonian,  
momentum, & no-monopole  

constraints

neutrino cooling/heating
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The basic equations for neutrino transport

Tneutrino
μν = Enμnν + Fμnν + Fνnμ + Pμν

TK+,’16

gravitational source

advection gravitational redshift/Doppler

neutrino-matter interaction

(E, F, P: 0th, 1st, 2nd momenta (in Euler))
Shibata+’11, TK+’16



TK, Kei Kotake, T. Takiwaki, & F.-K. Thielemann
2018, MNRAS Letter

Numerical setups

• 20Msun model (WHW07) 
• dx~458m@center, ~3.2km@R=100km 
• Basic neutrino opacities based on Bruenn’85 (same as TK+,’18) 
• Nene=12 bins (1<ε<300MeV)  

• 3 models(R0B00, R1B00, R1B12) 
• SFHo (Steiner+’13) 
• Cylindrical rotational law 

• Dipole-like B 

• CT method for divB=0 

• XC50 @ NAOJ

Ω = Ω0
R2

0

ϖ2 + R2
0

(βb ∼ 1%)Ω0 = 1(rad/s)

Aϕ =
B0

2
R3

0

R3 + R3
0

Rsinθ B0 = 1012G (βmag,b ∼ 1%)
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Tpb=55ms                    100ms                         250ms

Rotating magnetized model (R1B12)



2 AA

Fig. 1.— In each set of panels,

Obergaulinger+,’17
Mösta+,’14Takiwaki+,’09

Entropy                              log(Pmag/Pgas)
2D-3D comparison
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Non-magnetized models

m=1 spiral SASI appears in R1B00 leading to the characteristic 
neutrino signals=>lighthouse effect (Takiwaki & Kotake,’18)



Rotation and Magnetic fields facilitate the explosion

Shock evolution                             Diagnostic energy

Energetics
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Fig. 5.— In each set of panels,

Fig. 6.— In each set of panels,

x3

TITLE 5

Fig. 5.— In each set of panels,

Fig. 6.— In each set of panels,

x3

• Rotation & B increase Mgain and Qdot 
• For MHD model 

• Equatorial expansion is supported by ν-heating 
• Prompt bipolar outflow is due to magnetic field 
• Later by ν-heating

τadv/τheat < 1

τadv/τheat > 1

τadv/τheat > 1

Equatorial

Pole

60°

Neutrino heated? or magneto-driven? 

Equ

Pol



         　 νe                           bar-νe                          νx        

Neutrino emission (model dependence)



Rotation produces a time modulation

         　 νe                           bar-νe                                νx        
Neutrino emission (angle dependence)



(m=1) Spiral SASI leads to 
modulated Lnu/Enu reflecting 

the SASI mode frequency

Neutrino emission (angle dependence)

equatorial

x-z y-z

R1B00

Takiwaki+,’18



HK(V=0.44 mi. ton)

Ice Cube

Neutrino detection rate (D=10kpc)
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R1B00

m=1 deformation of neutrino sphere

deformed 
neutrino sphere
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Evidence of LESA

Successful explosion model (R1B12) 
shows clear dipolar asymmetry

Blue line (l,m)=(1,0) is the dominant 
term reflecting ⬇ morphology

l=1

l=1



Summary 
1. SN simulations are becoming more realistic                  

(full GR, 3D effects, sophisticated neutrino opacities)      
—>  more reliable messages from SNe                                         
———(GWs, neutrinos, and heavy elements) 

2. In MHD model, the polar/equatorial explosion is boosted 
mainly by B/neutrinos. 

3. Temporal modulation in neutrinos reflecting the SASI 
motions. 

4. LESA appears but not the similar magnitude as Tamborra



low Ye (Pmag supported)

PNS

Ejecta structure



high Ye (neutrino heating)

PNS

νen → e−p

Ejecta structure



(1)Ye and entropy unchanged (and low peak temperature), 
such that the progenitor composition does not change much

(2) Ye unchanged, but high peak temperature, with explosive nucleosynthesis

(3) Ye once <0.45 and at the end >0.38

(4) Ye always <0.45 and entropy<15

(5) Ye always <0.45 and entropy>15

(6)T9lt8: final temperature (averaged in time of ~10ms) decreases below 8GK.

Selection rule (only by S&Ye history)
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Scattering in S-Ye plane
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Mösta+,’18

Mösta+,’18

νen → e−pDue to the interaction 

Ye & S tend to become higher

Scattering in S-Ye plane



Ejecta distribution



Cat1

Cat5

Cat4

Cat2,3

Ejecta distribution



Nucleosynthesis (1st peak)

Cat1

Cat5

Cat4

Cat2,3

Reichert, Eichler, TK+, in prep.



Cat1

Cat5

Cat4

Cat2,3

Nucleosynthesis (weak 2nd peak)

Reichert, Eichler, TK+, in prep.



Cat1

Cat5

Cat4

Cat2,3

Nucleosynthesis (2nd peak + Lanthanides)

Reichert, Eichler, TK+, in prep.



Cat1

Cat5

Cat4

Cat2,3

Nucleosynthesis

Reichert, Eichler, TK+, in prep.



Not enough to produce 3rd peak 
consistent with Mösta+, ’18 

Nucleosynthesis (total)

Reichert, Eichler, TK+, in prep.

3D:Mösta+,
color: different 


