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1. Introduction
1. Collective oscillation & Flavor instability

2. Recent understandings ( < 1 yr.)
1. What do we know about flavor conversion in CCSNe?
2. What’s left to do?

3. My current task
1. Flavor conversion induced by nucleon scattering
2. Linear stability analysis
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Neutrino Oscillation in CCSN
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Proto-Neutron
Star

(Neutrino Sphere)

Numerical setup and set of simulations.—Our simula-
tions were performed in axial symmetry (2D) with the
neutrino-hydrodynamics code ALCAR [30,31]. This is a
state-of-the-art, Eulerian, conservative, higher-order
Godunov-type finite-volume solver for the 1D and multi-
D fluid dynamics equations coupled to a two-moment
scheme for energy-dependent three-flavor neutrino trans-
port. It uses a well-tested implementation of all relevant
neutrino processes. The main features, input physics,
numerical setup of the models, and description of the
FFC implementation are provided in our earlier paper [29].
In the absence of a fundamental prescription, and to

enable a systematic parametric study, we assume that FFCs
take place in the entire volume where ρ < ρc, a chosen
density threshold value. We assume that pairwise νν̄ flavor
conversion is “instantaneous,” i.e., on length scales much
less than our numerical cells and timescales defined by our
computational time stepping. This approach is justified for
FFCs (and any other flavor conversion phenomenon) that
proceed on scales much below the resolution of full-scale
hydrodynamic CCSN models. We further assume that
FFCs lead to complete flavor equilibrium under the con-
straints of lepton number conservation for each flavor
individually, in particular also of electron-neutrino lepton
number, as well as energy and total momentum conserva-
tion, and with respecting the Pauli exclusion principle. Our
algorithm, defined in Eqs. (9), (10), (14), and (15) of
Ref. [29], is applied after each time step in each spatial cell

where ρ < ρc. Some recent studies have focused on the
asymptotic FFC state [32]. We stress that our recipe leads to
a converged state: it does not change if the algorithm is
applied twice.
Our simulations were evolved in 1D until 5 ms pb (post

bounce) and then mapped onto a 2D polar coordinate grid
consisting of 640 logarithmically spaced radial zones and
80 equidistant lateral ones. The central 2 km core was still
calculated in 1D, permitting larger time steps, yet having
negligible influence on the hydrodynamic evolution.
During the mapping, random cell-by-cell perturbations
of 0.1% of the local density were applied to seed the
hydrodynamic instabilities, which otherwise would
develop only due to uncontrolled numerical noise.
We selected three progenitors with different zero-age

main-sequencemasses. One is the 20M⊙ model [33] that we
used in our previous 1D study [29]. In addition, we
investigated a 9M⊙ [34] and 11.2M⊙ model [35]. The
9M⊙ star consistently explodes in multi-D simulations,
although in some more quickly and about twice as ener-
getically [6,8,36] than in others [31,37,38]. The 11.2M⊙
model is less ready to blowup, exhibiting a delayed and slow
onset of shock expansion [39–42]. In contrast, the 20M⊙ star
failed to explode inmostmulti-D simulations [31,37,43,44].
The convention for naming our simulations follows

our previous one [29], supplemented with a numerical value
for the stellar mass: M9.0-2D-xxx, M11.2-2D-xxx, and
M20.0-2D-xxx. Here, xxx is a placeholder for either noFC

×
×
×
×
×
×

FIG. 1. Angle-averaged shock radii (top) and PNS radii (bottom; defined at ρ ¼ 1011 g cm−3) vs postbounce time for the indicated
models. Black solid lines: Models noFC (no flavor conversions). Colored solid lines: Instantaneous FFCs for ρ < ρc as labeled in the
legend. The unsteady motion of the average shocks with contraction and expansion phases is caused by the violent large-scale
convective mass flows in the neutrino heated gain layer behind the CCSN shock. The sudden growth of rshock (small at ∼100 ms for
M9.0-2D and prominent at ∼70 ms for M11.2-2D and at ∼220 ms for M20.0-2D) signals a decrease of mass accretion rate due to the
arrival of the Si=O interface. For the noFC models, we also show the angle-averaged gain radius (dashed black) and the mean radii for
ρ ¼ 109 and 1010 g cm−3 (dash-dotted and dotted black lines , respectively), all smoothed with 10 ms running averages. For the 9.0 and
11.2M⊙ progenitors, FFCs support an earlier onset of the explosion, whereas for 20.0M⊙ they thwart it and the shock recedes even
more rapidly.

PHYSICAL REVIEW LETTERS 131, 061401 (2023)

061401-2

Ehring+ PRL ‘23

Assume that flavor conversion (flavor equilibrium) occurs at a critical 
matter density roughly.
Impact the explodability by changing heating & cooling at the location 
of the occurrence of flavor conversion.

Need more detailed analysis for flavor conversion!!
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Quantum Kinetic Equation:
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Instability Modes
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Slow flavor 
instability

Quantum Kinetic Equation:

Fast flavor 
instability (FFC)

Collisional flavor 
instability (CFI)

By disparity in collision rates

By angular crossing

By energy crossing

e.g., 
Sawyer ’05 & ’16, Izaguirre+ ’17, 
Wu+ ‘22, MZ+ ’23 …

e.g., 
Duan+ ’06, 
Chakraborty+ ‘16

e.g., 
Johns ’23 & 22, Duan+ ‘22, Xiong+ ’23, 
Liu+ ’23a & ’23b, Kato+ ‘23, Akaho+ ‘23 …
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Fast Flavor Conversion (FFC)
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(Electron Lepton Number) (Heavy-leptonic one)

Izaguirre+ ‘17
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Fast Flavor Conversions (FFC)
- Short scale of ~ (GF nν)-1 ≲ O(cm) or O(ns).  << stellar scale-height
- Triggered by ``angular crossings’’ in neutrino lepton number.

Neutrino-flavor lepton number (NFLN) angular distribution.

Zero 
Crossing

!! excess

"!! excess
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Collisional Flavor Instability (CFI)
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Quantum Kinetic Equation:
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(@t + v ·r)⇢ = �i [H⌫⌫ , ⇢] + Ccol[⇢]
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Off-diagonal components:
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Ccol[⇢] ⇠
1

2
{diag(�e,�x), ⇢eq � ⇢}

differential effect between " and "̅

Flavor instability
(Relatively slower scale)

Johns ‘21 & PRL ‘23
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Collision decoheres neutrinos.
→ Usually suppress flavor instability

Shalgar+ ‘21, Kato+ ’21, Sasaki+ ‘22
Martin+ ‘21, Sigl ‘22, Johns+ ‘22



Flavor Instability in CCSNe
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CFI for emission & absorption occurs universally regardless of 
progenitor mass even for 1D model.

B. Resonancelike collisional flavor instability

One of the unique properties of CFI is a resonancelike
feature, in which the growth rate can be remarkably higher
than the typical nonresonance value. If the resonancelike
CFI occurs, the complete flavor swaps between νe and νx,
may take place [60], which potentially leads to a radical
change in the neutrino radiation fields.
We do not find the resonancelike CFI in our CCSN

models, however. We reached this conclusion by the
following analysis. Before going into details, we briefly
summarize the property of resonancelike CFI from
Eqs. (12) and (13). The growth rate of CFI is comparable
to the collision rate when A2 ≪ Gjαj. In the region, where
the neutrino self-interaction potential is larger than the
collision rate, the condition A2 ≫ Gjαj is usually satisfied.

However, if the number densities of νe and ν̄e approach
each other, A becomes lower and A2 ≪ Gjαj may be
realized. Then the growth rate is proportional to

ffiffiffiffiffiffiffi
Gα

p
.

SinceG is much larger than α, the growth rate of CFI can be
significantly larger, which accounts for the resonancelike
feature.
In Fig. 4, we show the radial profiles of A2=Gjαj and its

associated quantities for all progenitor models. We find that
A2=Gjαj is much greater than unity in the entire postbounce
region, suggesting that the resonance condition is hardly
achieved. It is interesting to note that G=A can be larger
than unity in the optically thick region, which facilitates the
occurrence of the resonancelike CFI. As shown in Fig. 4,
however, A=jαj is significantly higher than G=A, leading to
A2=Gjαj ≫ 1. This analysis suggests that A needs to be at

FIG. 1. Radius-time diagram for the maximum growth rate of CFI (max½Imω") estimated from Eqs. (8) and (9) for progenitors of 11.2
[panel (a)], 15 [panel (b)], 27 [panel (c)], and 40M⊙ [panel (d)]. In each panel, red and purple solid lines portray time trajectories of the
shock and gain radius, respectively. The red dashed lines traces the isodensity radii of mass density: 1013 g cm−3, 1012 g cm−3,
1011 g cm−3, and 1010 g cm−3.

JIABAO LIU et al. PHYS. REV. D 108, 123024 (2023)
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Assuming jSij ≪ fνj , the off-diagonal element of Eq. (2)
can be linearized as

v · ði∂ − Λ0e þ Λ0xÞSex

þ ðfνe − fνxÞ
ffiffiffi
2

p
GF

Z
dP0v · v0SexðP0Þ

þ 1

2E

X

ζ¼e;x

ðM2
eζSζx − SeζM2

ζxÞ þ iΓexSex ¼ 0; ð6Þ

where Λ0z¼
ffiffiffi
2

p
GF½jzðxÞþ

R
dPfνzðx;PÞv& and ΓνexðEÞ ¼

½ΓνeðEÞ þ ΓνxðEÞ&=2. We then take a plane-wave ansatz as

SexðxeÞðx; PÞ ¼ SexðxeÞðk; PÞeik·x; ð7Þ

where k ¼ ðω; kÞ is the 4-wave vector. By inserting Eq. (7)
into Eq. (6), the general form of dispersion relation can be
obtained. However, it is computationally demanding to
solve the dispersion relation, while we can obtain simple
analytic formulas by approximating Eq. (6).
First, we set Hvac ¼ Hmat ¼ 0. This condition is in

accordance with the purpose of this study that we quantify
the growth rates of pure CFI mode. Next, we only focus on
the so-called k ¼ 0 mode, which usually offers the maxi-
mum growth rate of CFI [59]. Third, we apply the stability
analysis to angular-integrated neutrino distributions in
momentum space. This prescription is motivated by the
fact that the anisotropy of neutrino distributions plays a
subdominant role for CFI [59]. This approximation is also
in line with our treatment of the collision term, in which the
scattering processes are not included. Since in and out
scatterings are exactly canceled if neutrinos angular dis-
tributions are isotropic, these processes can be safely
ignored. Finally, we use a monochromatic assumption.
As discussed in our previous paper [59], the growth rate of
CFI for a nonmonochromatic energy distribution is almost
identical to the one for the monochromatic distribution, if
we substitute the number density and their mean collision
rates in the former for the counterparts in the latter.
Given these conditions, we can solve the dispersion

relation analytically, and the solutions can be written as

ω' ¼ −A − iγ '
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 − α2 þ i2Gα

p
; ð8Þ

for the isotropy-preserving modes and

ω' ¼ A
3
− iγ '

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi"
A
3

#
2

− α2 − i
2

3
Gα

s

; ð9Þ

for the isotropy-breaking modes (see [59] to derive these
formulas). In the above equations, the following notations
are introduced:

G¼ gþ ḡ
2

; A¼ g− ḡ
2

; γ¼Γþ Γ̄
2

; α¼Γ− Γ̄
2

; ð10Þ

where g ¼
ffiffiffi
2

p
GFðnνe − nνxÞ and Γ ¼ ðΓνe þ ΓνxÞ=2. The

same applies to the overbarred quantities for antineutrinos.
The number density of neutrinos and mean collision rates
are computed by

nνi ¼
Z

dPfνiðPÞ;

Γνi ¼ hΓiνi ¼
1

nνi

Z
dPΓνexðPÞfνiðPÞ: ð11Þ

In this paper, we use Eqs. (8) and (9) to estimate the growth
rate of CFI. We note that the maximum growth rate is
usually given from the isotropy-preserving branch.
It is note-worthy that flavor conversions associated with

neutrino self-interactions play important roles in the CCSN
dynamics only if they overwhelm the collision rate. In other
words, regions where the inequality gνi ≫ Γνi is satisfied
are of our interest. Assuming the inequality, Eqs. (8) and (9)
can be rewritten in a more concise form,

max½Imω& ¼

(
−γ þ jGαj

jAj ; if A2 ≫ jGαj;

−γ þ
ffiffiffiffiffiffiffiffiffi
jGαj

p
; if A2 ≪ jGαj;

ð12Þ

for the isotropy-preserving branch and

max½Imω& ¼
(−γ þ jGαj

jAj ; if A2 ≫ jGαj;

−γ þ
ffiffiffiffiffiffiffi
jGαj

p
ffiffi
3

p ; if A2 ≪ jGαj;
ð13Þ

for the isotropy-breaking branch. It should be alsomentioned
that although the obtained growth rates are not exactly the
same as those obtained by directly solving dispersion
relation, we confirm that the error is within a factor around
unity even in extreme cases. These concise expression also
helps us to see if the resonancelike CFI occurs in our models
[58,59], which will be discussed in Sec. IV B.

III. CCSN MODELS

As described in Sec. II, CFI hinges on not only neutrino
distributions but also collision rates, suggesting that an
accurate radiation-hydrodynamic modeling of CCSN is
required to make a robust and reliable analysis of CFI. We
utilize our up-to-date CCSN models, in which all necessary
data for our stability analysis, matter and neutrino distri-
butions and collision rates, are provided. Below, we briefly
summarize our CCSN models.
Details on our CCSN code can be found in [66–68].

Although it has the ability to performmultidimensional sim-
ulations (see a series of our previous papers, [4,28,69–73]),
in this study we employ only its spherically symmetric
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for the isotropy-breaking modes (see [59] to derive these
formulas). In the above equations, the following notations
are introduced:

G¼ gþ ḡ
2

; A¼ g− ḡ
2

; γ¼Γþ Γ̄
2

; α¼Γ− Γ̄
2

; ð10Þ

where g ¼
ffiffiffi
2

p
GFðnνe − nνxÞ and Γ ¼ ðΓνe þ ΓνxÞ=2. The

same applies to the overbarred quantities for antineutrinos.
The number density of neutrinos and mean collision rates
are computed by

nνi ¼
Z

dPfνiðPÞ;

Γνi ¼ hΓiνi ¼
1

nνi

Z
dPΓνexðPÞfνiðPÞ: ð11Þ

In this paper, we use Eqs. (8) and (9) to estimate the growth
rate of CFI. We note that the maximum growth rate is
usually given from the isotropy-preserving branch.
It is note-worthy that flavor conversions associated with

neutrino self-interactions play important roles in the CCSN
dynamics only if they overwhelm the collision rate. In other
words, regions where the inequality gνi ≫ Γνi is satisfied
are of our interest. Assuming the inequality, Eqs. (8) and (9)
can be rewritten in a more concise form,

max½Imω& ¼

(
−γ þ jGαj

jAj ; if A2 ≫ jGαj;

−γ þ
ffiffiffiffiffiffiffiffiffi
jGαj

p
; if A2 ≪ jGαj;
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for the isotropy-preserving branch and

max½Imω& ¼
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jGαj
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ffiffi
3

p ; if A2 ≪ jGαj;
ð13Þ

for the isotropy-breaking branch. It should be alsomentioned
that although the obtained growth rates are not exactly the
same as those obtained by directly solving dispersion
relation, we confirm that the error is within a factor around
unity even in extreme cases. These concise expression also
helps us to see if the resonancelike CFI occurs in our models
[58,59], which will be discussed in Sec. IV B.

III. CCSN MODELS

As described in Sec. II, CFI hinges on not only neutrino
distributions but also collision rates, suggesting that an
accurate radiation-hydrodynamic modeling of CCSN is
required to make a robust and reliable analysis of CFI. We
utilize our up-to-date CCSN models, in which all necessary
data for our stability analysis, matter and neutrino distri-
butions and collision rates, are provided. Below, we briefly
summarize our CCSN models.
Details on our CCSN code can be found in [66–68].

Although it has the ability to performmultidimensional sim-
ulations (see a series of our previous papers, [4,28,69–73]),
in this study we employ only its spherically symmetric
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For 2D model, the regions of CFI and FFC are almost decoupled.

explosion with the maximum shock radius reaching
1000 km in t ∼ 400 ms after bounce. See [74] for the
details of this simulation.

III. RESULTS

A. Overall properties

Top panels of Fig. 1 shows the time-radius maps of CFI
growth rate at θ ¼ 45° and 90°. CFI is expected to occur in
the region with a bright color. In fact, the black regions in
the plots have growth rates smaller than 10−9 cm−1, and we
do not think CFI is important there. It is clear at both angles
(and actually at all angles as shown in Fig. 2) that a CFI
region appears at t ∼ 50 ms for the first time and continues
to exist later on. This unstable region moves to smaller radii
as the protoneutron star contracts. It roughly corresponds to
the region with 1010 ≲ ρ≲ 1012 g cm−3, similar density
range as reported in a 1D study [64]. In the 2D case,
however, the radial extent of the region changes rather
rapidly in time whereas such time variations were absent in
the 1D model. This is due to the turbulence that occurs
commonly on the multidimensional models.
A closer inspection of the plots reveals another CFI

region deeper inside, r ∼ 20 km, at later times, t≳ 200 ms,
(see the magnified figures). It is very narrow but has greater
growth rates than the region mentioned above and was not

found in the 1D model. In fact, this corresponds to the
resonancelike CFI, a feature unique to multidimensional
models, as we discuss later.
For comparison we present the time-radius maps of the

FFI growth rate in the bottom panels of Fig. 1. The reddish
region is unstable to FFI this time. Note that the radial range
and the color scale are different between top and bottom
panels. The four dashed lines that show the locations of
ρ ¼ 1010, 1011, 1012, 1013 g cm−3 will help the correspon-
dence between the plots. There is a wide FFI region with
located at larger radii much outside than the CFI region in
general. In the late phase, t≳ 400 ms, however, the two
regions are partially overlapped with each other at θ ¼ 90°.
Note that we analyze CFI and FFI independently, assuming
that the latter is absent in the analysis of the former.
The spatial extents of the CFI and FFI regions in the

meridian section are shown in Fig. 2 at t ¼ 404 ms after
bounce. The resonancelike CFI occurs sporadically at r ∼
20 km whereas the nonresonance CFI regions prevail at
30≲ r≲ 40 km. The FFI region is extended at even larger
radii, r≳ 50 km, but also appears at almost the same
positions as the resonancelike CFI. Although the non-
resonance CFI region is mostly separated from the FFI
region, there are some overlaps (see the rightmost panel of
Fig. 2). It is apparent that it occurs in a convective eddy.
The growth rates of CFI and FFI tend to be higher around

FIG. 1. Time-radius map of the growth rate of CFI (top) and FFI (bottom) for the angle θ ¼ 45° and 90°. White broken lines, from top
to bottom, denote the radius for the density 1010, 1011, 1012, and 1013 g cm−3, respectively. Red broken line denote the shock radius.
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FIG. 2. The radial profile of angular-averaged survival probability of ⌫e for the reference model. The color distinguishes time
snapshot. The thin and thick lines show results for quantum kinetic simulation and classical one with BGK subgrid model,
respectively.
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FIG. 3. Same as Fig. 1 but for the model with ↵ = 0.9 (and �̄ee = 1).
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Sub-grid model for neutrino oscillation term in QKE:
Bhatnagar-Gross-Krook (BGK) relaxation-time prescription

Nagakura, Johns, & MZ ’23
BGK relaxation

2

the method is designed so as to reproduce the spatially-
and time-averaged features of neutrino flavor conver-
sions obtained from quantum kinetic neutrino simula-
tions. The noticeable advantage in our subgrid model
is having a refinable formulation for dynamics of flavor
conversions by various ways including analytic methods
[24–27] and artificial intelligence (AI) techniques [28]. In
this paper, we also demonstrate classical neutrino trans-
port simulations with the subgrid model, in which we
employ a simple but physically motivated subgrid model
for flavor conversions.

This paper is organized as follows. In Sec. II, we start
with explaining the philosophy of our proposed method.
We then provide the quantum kinetic equation with our
subgrid model. We also provide its two-moment formal-
ism in Sec. III. These transport equations are written in
terms of the 3+1 general relativistic formulation, which
would be helpful for those who work on CCSN and BNSM
simulations. After we discuss some details of the method
in Sec. IV, we highlight novelties of our subgrid model
by comparing to other phenomenological approaches in
Sec. V. In Sec. VI, we also discuss the relevance to an-
other coarse-grained approach: miscidynamics [29]. As
shall be shown in the section, this formulation is closely
associated with our formulation, indicating that both ap-
proaches are complementary to each other. To show the
capability of our subgrid model, we demonstrate numer-
ical simulations by using both quantum kinetic neutrino
transport and classical one with subgrid model, pay-
ing attention to fast neutrino-flavor conversion (FFC) in
Sec. VII. By comparing their results, we can learn the
source of error in the subgrid model. We then discuss
strategies how to improve them based on studies of quan-
tum kinetic neutrino transport. Finally, we summarize
our work in Sec. VIII. Otherwise stated, we work in the
unit with c = h̄ = 1, where c and h̄ are the speed of the
light and the reduced Planck constant, respectively. In
this paper, we will describe all equations with the metric
signature of �+++.

II. BASIC EQUATION FOR NEUTRINO
TRANSPORT WITH BGK SUBGRID MODELING

It has been discussed that neutrino flavor conversions
have quasi-steady and asymptotic behaviors in the non-
linear phase [25–27, 30–34] or quasi-periodic properties
represented as pendulum motions in flavor space [35–39].
We are interested in the time- and spatially averaged
states in the late non-linear phase, since it is unlikely
that fine structures with short-time or small-length vari-
ations a↵ect astrophysical consequences. Motivated by
these studies, we assume that flavor conversions make
the radiation field settle into an asymptotic state, and
the asymptotic density matrix of neutrinos is denoted by
f
a.
In general, the non-linear evolution of flavor conver-

sions is very complex, and the detail hinges on flavor

instabilities, neutrino-matter interactions, and global ge-
ometries of radiation fields. On the other hand, there
is always a characteristic timescale of flavor conversions
or associated flavor instabilities, which is denoted by ⌧a

in the following discussion. We note that the timescale
depends on neutrino energy, angle, and neutrino flavor.
⌧a also provides a rough estimation of timescale that the
density matrix of neutrinos settles into f

a.
The quantum kinetic equation (QKE) for neutrino

transport can be written as

p
µ @f

@xµ
+

dp
i

d⌧

@f

@pi
= �p

µ
uµS + ip

µ
nµ[H, f ], (1)

where f denotes the density matrix of neutrinos. In the
expression, pµ, xµ, and ⌧ denote neutrino four momen-
tum, spacetime coordinates, and a�ne parameter for tra-
jectories of neutrinos, respectively. u

µ, n
⌫ , S, and H

appearing in the right hand side of Eq. 1 represent four-
velocity of fluid, the unit vector normal to the spatial hy-
persurface in four dimensional spacetimes, collision term,
and neutrino oscillation Hamiltonian, respectively. Be-
low, we approximate Eq. 1 by using f

a and ⌧a.
Our subgrid model is developed based on an assump-

tion that the neutrino distributions are relaxed to f
a

by flavor conversions in the timescale of ⌧a. This corre-
sponds to a relaxation-time approximation proposed by
Bhatnagar–Gross–Krook (BGK) [40], in which they use
the approximation to collision term in Boltzmann equa-
tion for gas dynamics. In our BGK subgrid model, we
apply the model to the neutrino oscillation Hamiltonian
(the second term in the right hand side of Eq. 1),

p
µ @f

@xµ
+

dp
i

d⌧

@f

@pi
= �p

µ
uµS + p

µ
nµ

1

⌧a
(f � f

a). (2)

We note that the relaxation-time (⌧a) is measured in lab-
oratory (or n) frame, but it can be changed based on the
fluid rest frame (see also [41]), which may be useful for
the frequently used two-moment formalism for neutrino
transport (see Sec. III). It should also be noted that f

a

and ⌧a are determined from f at each time step, implying
that they are time-dependent quantities.
It is worth noting that a similar approximation was

used to obtain a temporally coarse-grained quantum ki-
netic equation for the production of sterile neutrinos (see
Eqs. 4 and 5 of [42]). There it was proposed that the
entire right-hand side, including both oscillation and col-
lision terms, be treated using a BGK approximation.
This ansatz showed excellent agreement with numerical
results. Here we adapt the relaxation-time approxima-
tion to the context of collective neutrino oscillations by
proposing that it can be applied to oscillations alone,
with subgrid relaxation being caused by collective modes
rather than collisions.
From a practical point of view, we also provide a con-

servative form of Eq. 2, which is used for numerical sim-
ulations for both Boltzmann- and quantum kinetic neu-
trino transport (see, e.g., [41, 43]). Following [44], we can
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Eqs. 4 and 5 of [42]). There it was proposed that the
entire right-hand side, including both oscillation and col-
lision terms, be treated using a BGK approximation.
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results. Here we adapt the relaxation-time approxima-
tion to the context of collective neutrino oscillations by
proposing that it can be applied to oscillations alone,
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rather than collisions.
From a practical point of view, we also provide a con-

servative form of Eq. 2, which is used for numerical sim-
ulations for both Boltzmann- and quantum kinetic neu-
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τa : Growth rate corresponding to flavor instability
fa : Asymptotic states for neutrino density matrix

Flavor evolution can be reproduced on lower 
resolution with sub-grid model (for FFC) →

How are asymptotic states
for each flavor instability determined?
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Asymptotic States for FFC

No Crossing in ELN-XLN !!

ELN still has a crossing.

Angular dist. at final state.

Disappearance of
in ELN-XLN angular crossing

Establishment of
quasi-steady state of FFC

Stability at nonlinear saturation:

MZ & Nagakura PRD ‘23

(Reach a consensus in oscillation community.)
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Angular crossing in ELN-XLN induces flavor instability, 
and FFC stabilizes the system.
So simple.

(But we still have some questions in FFC.)

Then, what determines asymptotic states for CFI?
→We haven’t found it yet.

Maybe CFI proceeds until the system is stabilized?
→What determines the stability of CFI?
→ CFI is more complicated than FFC.

FFC is driven only by neutrino self-interactions.
Therefore, the asymptotic states are also determined only by neutrino 
distributions. 
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CFI is more complicated than FFC.

1. CFI is induced by both their self-interactions and collision term.
→ Need to consider the combination for asymptotic states.

2. Also, the growth rate is scaled by collision rates.
→ Neutrino distributions are relaxed during flavor evolution.

3. Also, collision term contains a variety of neutrino reactions.
e.g., emission & absorption, 

scattering off nucleons & electrons,
(include recoil and weak-magnetism)

pair processes, …
→ Need to consider asymptotic states for each reaction.

<latexit sha1_base64="c1TW4dmlsQDtHSpdQqKx0CsUSGs="></latexit>
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CFI for scattering
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Neutrino distributions are relaxed during flavor evolution.
Linear stability analysis assumes that background is stationary.

Scattering isotropizes neutrino angular distributions and the process is 
non-stationary.
→Anisotropy = collisions + inhomogeneity (advection)

<latexit sha1_base64="kKmVOCtx/gFNAyai+ZayPpUkuJA="></latexit>

(@t + v ·r)⇢ = �i [H⌫⌫ , ⇢] + CNNS
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(@t + v ·r)⇢ = �i [H⌫⌫ , ⇢] + CNNS

OFF = Classical transport

ON = Quantum kinetic transport



Test Calculations
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Initially electron-type only.
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No angular crossing & vacuum term
= Only CFI

Iso-energetic NNS = Flavor blind



Evolution of CFI

17

<latexit sha1_base64="thkvU3ycvG7PC8451+zFKAeI9Pw="></latexit>

M0
↵� ⌘

Z
E2dEd⌦ ⇢↵�

0th angular moment of density matrix:
diagonal.      : number density
off-diagonal : flavor correlation.

Flavor instability grows with 
advection (see bottom panel).

Diagonal
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Asymptotic States for CFI
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t = 0 t = 50,000

Heavy-leptonic neutrinos νx is generated by CFI.
Quantum kinetic neutrino transport works well.
→ Stability?



Summary
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1. Quantum kinetics for neutrinos dramatically changes the neutrino-
radiation field.

2. Collective neutrino oscillation induced by their self-interactions, 
particularly fast & collisional flavor instability, emerges universally 
in CCSNe.

3. Approximate scheme as sub-grid model for neutrino flavor 
conversion has been developed.

1. Need corresponding asymptotic state and growth rate.
2. Preparation for fast flavor conversion (FFC) is ok.
3. But that for collisional flavor instability (CFI) remains unexplored.

4. We investigate CFI driven by nucleon scatterings
1. Flavor conversion for flavor-blind scattering process appears.
2. Under the preparation of linear stability analysis for scattering.


