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Roles of Neutrinos in CCSNe

Core collapse
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Neutrino-heating process:
• Shock wave stalls due to accreting matter and fails to explode.
• Neutrinos transfer their energy from the hotter center to the colder stalled shock.
• Neutrinos work as mediators because of their weakly-coupling with matter.

Theoretical studies/modelings on ν-transport are essential.
 → One of the uncertainties is neutrino oscillation.



3Progress in CCSN Simulation
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4Advance in Neutrino Transport
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Beyond Boltzmann:
     Quantum Kinetics
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Sea of Leptons & Nucleons

PNS
R ~ 10 km

p

e

• Collisions  ∝ (GF
2 nl)-1

• Refractions ∝ (GF nl)-1

→ Flavor conversion (e.g., MSW effects)
→ Shorter (faster) physical scale ~ 1 cm!!
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Propagating in matter
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Neutrino Transport with Quantum Kinetics:
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Quantum Kinetic Neutrino Transport

PNS
R ~ 10 km

Stalled shock
r ~ 200 km

nAbsorption

Collective Neutrino 
Oscillation

⌫e + n ! p+ e�

⌫̄e + p ! n+ e+
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Neutrino heating

(Boltzmann) Neutrino Transport 
+ Quantum Kinetics

MSW resonance
(Matter + Vacuum osc.)
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Flavor Conversion in ν-Transport

• ραα : flavor content of α
     = same as fα

• ραβ : flavor correlation 
         between α and β

Neutrino density matrix (for 2-flavor) :

Classical Boltzmann Equation

Quantum Kinetic Equation
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Refractive effect
 = Oscillation term
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Flavor Conversion in ν-Transport

• ραα : flavor content of α
     = same as fα

• ραβ : flavor correlation 
         between α and β

Via mixing angles, 
Flavor correlation becomes perturbative.
(Less dependent on mass ordering)

Neutrino density matrix (for 2-flavor) :
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Significant flavor conversion
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Self-interactions amplify it.

Linear stability analysis
→ Flavor instability
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Instability by Self-Interactions
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Slow flavor 
instability (SFI)

Quantum Kinetic Equation:

Fast flavor 
instability (FFI)

Collisional flavor 
instability (CFI)

By disparity in collision rates

By anisotropy of angular dist.

By energy crossing e.g.,  Sawyer ’16

e.g.,  Duan+ ’06

e.g.,  Johns ’23
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Collisions in Quantum Regime

e.g., Emission & Absorption processes are
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Classical collisions (diagonal parts)
・Changing the numbers/momenta of (anti-)neutrinos
・Contribution (Cxx) to heavy-leptonic flavors is neglected.

Quantum contributions (off-diagonal parts)
・Flavor-decohering collisions <latexit sha1_base64="y31Yr1s3t33jjjZL6C66gyPAQLo="></latexit>⇠ �RE⇢T

à Reactions settle down the neutrinos to “flavor-diagonal" distributions.
~ Oscillations are fixed on the mixed-flavor population.

à Flavor Instability?
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Collisional Flavor Instability
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à When the entire system has the disparity in collision rates between 
neutrinos and antineutrinos, flavor instability can appear.
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Search of Flavor Instability
In the 2D-model, flavor instability (CFI) appears at broad radii.

Akaho, MZ+ PRD ‘24

the equator than near the poles. This comes from the
stronger ν̄e emission in the lower latitudes, induced by the
large-scale fluid motion. The morphology of fluid motion
is known to be qualitatively different between 2D and
3D [75], and the degree of asymmetry may be exaggerated
in this study. However, the qualitative trend will be
unchanged in 3D.
In the following Secs. III B and III C, we look into CFI

and FFI individually. The growth rates of CFI and FFI are
compared in Sec. III D.

B. CFI

The CFI growth rates are shown as solid lines in the top
panels of Fig. 3, for θ ¼ 45° and 90° at t ¼ 404 ms. Both
the resonancelike CFI (sharp peaks) and the nonresonance
CFI (30≲ r≲ 40 km) are observed in both plots. The
maximum growth rate of ∼10−3 cm−1 is reached by the
resonancelike CFI whereas the nonresonance CFI has a
typical growth rate of ∼10−6 cm−1.
In the same plots we present the CFI growth rate when

we artificially set the number density νx to zero. In this case
the CFI region is much extended, with the nonresonance
CFI region merged with the resonancelike CFI region.
Moreover, the growth rate becomes higher by orders with
the maximum growth rate reaching ∼1 cm−1 for the
resonancelike CFI. This experiment clearly demonstrates
that the existence of νx suppress CFI. This is in sharp
contrast with FFI, on which νx has no effect as long as νx
and ν̄x do not have angular crossing.
In the following we look into the resonancelike CFI and

nonresonance CFIs more closely in turn.

1. Resonancelike CFI

The resonancelike CFI occurs when the situation A ≈ 0
is realized [57,64]. This is vindicated in the panels in the
second row of Fig. 3, where we plot the radial profiles
of the number densities of all neutrinos as well as G ¼
ðnνe þ nν̄e − 2nνxÞ=2 and jAj ¼ jnνe − nν̄e j=2 [see
Eq. (17)]. The very sharp dips in A correspond to the
peaks in the growth rate (see the top panels) indeed. It is
also found that G has dips at the same positions, but so as
deep as A. By definition, the situation A ≈ 0 occurs
when the number densities of νe and ν̄e become close to
each other. On the other hand, G becomes zero if
nνe þ nν̄e ¼ 2nνx , which is not completely the case at
A ¼ 0. As a result, G=jAj gets very large at the points,
creating the resonancelike CFI as observed in the plots
on the third row of Fig. 3. Note that we assume nνx ¼ nν̄x .
If this assumption is not valid due to muonization, then it
may prevent A to become zero at the point where nνe ¼ nν̄e ,
and might hinder the resonancelike CFI. Wewill investigate
it in the future.
Here we comment on the possible artifact of the low

radial resolution. With a finite number of grid points, it is
impossible to have A ¼ 0 on one of the grid points. As a
result, the CFI growth rate is underestimated in the vicinity
of the resonancelike CFI. The insufficient resolution also
explains the absence of the resonancelike CFI at r ∼ 10 km
for θ ¼ 45° in spite of nνe ∼ nν̄e . As a matter of fact, matter
is more compressed and the scale height at this angle is
shorter than at θ ¼ 90°.
The nondetection of the resonancelike CFI in the 1D

study [64] is not an artifact by the low resolution, on the

FIG. 2. Meridian map of CFI growth rate (left), FFI growth rate (middle), and the dominant instability (right) at t ¼ 404 ms after
bounce.
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11.2 M⦿

tpb = 404 ms

explosion with the maximum shock radius reaching
1000 km in t ∼ 400 ms after bounce. See [74] for the
details of this simulation.

III. RESULTS

A. Overall properties

Top panels of Fig. 1 shows the time-radius maps of CFI
growth rate at θ ¼ 45° and 90°. CFI is expected to occur in
the region with a bright color. In fact, the black regions in
the plots have growth rates smaller than 10−9 cm−1, and we
do not think CFI is important there. It is clear at both angles
(and actually at all angles as shown in Fig. 2) that a CFI
region appears at t ∼ 50 ms for the first time and continues
to exist later on. This unstable region moves to smaller radii
as the protoneutron star contracts. It roughly corresponds to
the region with 1010 ≲ ρ≲ 1012 g cm−3, similar density
range as reported in a 1D study [64]. In the 2D case,
however, the radial extent of the region changes rather
rapidly in time whereas such time variations were absent in
the 1D model. This is due to the turbulence that occurs
commonly on the multidimensional models.
A closer inspection of the plots reveals another CFI

region deeper inside, r ∼ 20 km, at later times, t≳ 200 ms,
(see the magnified figures). It is very narrow but has greater
growth rates than the region mentioned above and was not

found in the 1D model. In fact, this corresponds to the
resonancelike CFI, a feature unique to multidimensional
models, as we discuss later.
For comparison we present the time-radius maps of the

FFI growth rate in the bottom panels of Fig. 1. The reddish
region is unstable to FFI this time. Note that the radial range
and the color scale are different between top and bottom
panels. The four dashed lines that show the locations of
ρ ¼ 1010, 1011, 1012, 1013 g cm−3 will help the correspon-
dence between the plots. There is a wide FFI region with
located at larger radii much outside than the CFI region in
general. In the late phase, t≳ 400 ms, however, the two
regions are partially overlapped with each other at θ ¼ 90°.
Note that we analyze CFI and FFI independently, assuming
that the latter is absent in the analysis of the former.
The spatial extents of the CFI and FFI regions in the

meridian section are shown in Fig. 2 at t ¼ 404 ms after
bounce. The resonancelike CFI occurs sporadically at r ∼
20 km whereas the nonresonance CFI regions prevail at
30≲ r≲ 40 km. The FFI region is extended at even larger
radii, r≳ 50 km, but also appears at almost the same
positions as the resonancelike CFI. Although the non-
resonance CFI region is mostly separated from the FFI
region, there are some overlaps (see the rightmost panel of
Fig. 2). It is apparent that it occurs in a convective eddy.
The growth rates of CFI and FFI tend to be higher around

FIG. 1. Time-radius map of the growth rate of CFI (top) and FFI (bottom) for the angle θ ¼ 45° and 90°. White broken lines, from top
to bottom, denote the radius for the density 1010, 1011, 1012, and 1013 g cm−3, respectively. Red broken line denote the shock radius.
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explosion with the maximum shock radius reaching
1000 km in t ∼ 400 ms after bounce. See [74] for the
details of this simulation.

III. RESULTS

A. Overall properties

Top panels of Fig. 1 shows the time-radius maps of CFI
growth rate at θ ¼ 45° and 90°. CFI is expected to occur in
the region with a bright color. In fact, the black regions in
the plots have growth rates smaller than 10−9 cm−1, and we
do not think CFI is important there. It is clear at both angles
(and actually at all angles as shown in Fig. 2) that a CFI
region appears at t ∼ 50 ms for the first time and continues
to exist later on. This unstable region moves to smaller radii
as the protoneutron star contracts. It roughly corresponds to
the region with 1010 ≲ ρ≲ 1012 g cm−3, similar density
range as reported in a 1D study [64]. In the 2D case,
however, the radial extent of the region changes rather
rapidly in time whereas such time variations were absent in
the 1D model. This is due to the turbulence that occurs
commonly on the multidimensional models.
A closer inspection of the plots reveals another CFI

region deeper inside, r ∼ 20 km, at later times, t≳ 200 ms,
(see the magnified figures). It is very narrow but has greater
growth rates than the region mentioned above and was not

found in the 1D model. In fact, this corresponds to the
resonancelike CFI, a feature unique to multidimensional
models, as we discuss later.
For comparison we present the time-radius maps of the

FFI growth rate in the bottom panels of Fig. 1. The reddish
region is unstable to FFI this time. Note that the radial range
and the color scale are different between top and bottom
panels. The four dashed lines that show the locations of
ρ ¼ 1010, 1011, 1012, 1013 g cm−3 will help the correspon-
dence between the plots. There is a wide FFI region with
located at larger radii much outside than the CFI region in
general. In the late phase, t≳ 400 ms, however, the two
regions are partially overlapped with each other at θ ¼ 90°.
Note that we analyze CFI and FFI independently, assuming
that the latter is absent in the analysis of the former.
The spatial extents of the CFI and FFI regions in the

meridian section are shown in Fig. 2 at t ¼ 404 ms after
bounce. The resonancelike CFI occurs sporadically at r ∼
20 km whereas the nonresonance CFI regions prevail at
30≲ r≲ 40 km. The FFI region is extended at even larger
radii, r≳ 50 km, but also appears at almost the same
positions as the resonancelike CFI. Although the non-
resonance CFI region is mostly separated from the FFI
region, there are some overlaps (see the rightmost panel of
Fig. 2). It is apparent that it occurs in a convective eddy.
The growth rates of CFI and FFI tend to be higher around

FIG. 1. Time-radius map of the growth rate of CFI (top) and FFI (bottom) for the angle θ ¼ 45° and 90°. White broken lines, from top
to bottom, denote the radius for the density 1010, 1011, 1012, and 1013 g cm−3, respectively. Red broken line denote the shock radius.
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Phenomenological Approach

Proto-Neutron
Star

(Neutrino Sphere)

Assumptions:
1. Below a critical density, ρ < ρcrit .
2. Equipartition with conservations.

This may overestimate but can change the 
shock dynamics.
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FIG. 1. Schematic representation of the equilibrium prescrip-
tion introduced in Equation (9) for Le,q > 0. The neutrino
gas reaches an equipartition between ⌫x and ⌫̄e, which are less
abundant than ⌫e, with Le,q remaining unchanged.

energy conservation and can be justified by the fact that
forward scattering does not change neutrino energies and
directions.

Let us first consider the 0th moment, i.e., the specific
neutrino number or energy densities. With our numerical
discretization, the number density of neutrinos of species
⌫↵ in the qth energy bin, n⌫↵,q, is related the neutrino
energy density E⌫↵,q in that bin by

n⌫↵,q =
E⌫↵,q

✏q
, (4)

with ✏q being the mean energy of the qth energy bin. In
the following, we will use a notation where the unprimed
variables refer to the initial values of the physical quanti-
ties (before applying our flavor conversion prescription),
and the primed variables refer to their flavor equilibrated
values (after applying our prescription). Our prescription
for the final number densities is based on four require-
ments:

• As discussed above, FFCs cannot change the to-
tal numbers of neutrinos and antineutrinos in each
energy bin. Hence, our prescription conserves the
summed numbers of neutrinos and antineutrinos
separately:

n⌫e,q + 2n⌫x,q = n0
⌫e,q + 2n0

⌫x,q ,

n⌫̄e,q + 2n⌫x,q = n0
⌫̄e,q + 2n0

⌫x,q . (5)

• FFCs themselves cannot change the neutrino ELN,
Le,q = n⌫e,q � n⌫̄e,q, which is therefore conserved
by our prescription:

Le,q = n⌫e,q � n⌫̄e,q = n0
⌫e,q � n0

⌫̄e,q = L0
e,q . (6)

• Any physical prescription should respect the Pauli
blocking. This can be an important issue in the re-
gions with high electron degeneracy, where also the

electron neutrino number densities can approach
the Pauli limit,

nPauli,q =
4⇡✏2q�✏q

(hc)3
, (7)

with �✏q being the width of the qth energy bin, and
⌫x ! ⌫e, ⌫̄e conversions should not overpopulate
the bins in order to avoid the violation of Pauli
blocking. This constraint is particularly relevant
for the lower energy bins with ✏q

<
⇠ kBT , when T is

the temperature of the fluid and kB the Boltzmann
constant.

• Although the physical quantities of the FFC equi-
librium state can in general be nonlinear and com-
plicated functions of their initial values [37–40, 52],
we assume here that the final quantities are linear
functions of the initial ones. Such a simple equi-
librium prescription can significantly constrain the
choices for the suitable expressions of the equilib-
rium values. In particular, our prescription is mo-
tivated by the flavor equilibrium observed for slow
modes and small values of ⌫e-⌫̄e asymmetries in 1D
neutrino gases [73]. Specifically, we assume an equi-
librium state where equipartition occurs between
⌫x and ⌫e or ⌫x and ⌫̄e, depending on whether elec-
tron neutrinos or antineutrinos, respectively, are
less abundant before applying our prescription (see
Figure 1). This implies that the flavor-equilibrium
number density neq,q in the qth energy bin of the
subdominant species is given by

neq,q =

(
n0

⌫̄e,q = n0
⌫x,q = 1

3 (n⌫̄e,q + 2n⌫x,q) , if Le,q > 0 ,

n0
⌫e,q = n0

⌫x,q = 1
3 (n⌫e,q + 2n⌫x,q) , if Le,q  0 .

(8)

Applying these conditions, the flavor-equilibrium val-
ues of the neutrino and antineutrino number densities
can be determined as

n0
⌫e,q = neq,q + max(0, Le,q) , (9a)

n0
⌫̄e,q = neq,q + max(0, �Le,q) , (9b)

n0
⌫x,q = neq,q , (9c)

for n0
⌫,q < nPauli,q. One can see that this prescription puts

the neutrino gas into equipartition up to the constraint
of ELN conservation. This is illustrated schematically
in Figure 1. It should be noted that in a realistic situ-
ation the induced neutrino flavor conversions might be
weaker than assumed in our prescription, which means
that our equilibration recipe maximizes the conversion
e↵ects, provided the lepton numbers of all three flavors
are conserved.

Our prescription can lead to an overpopulation of an
energy bin, putting there more neutrinos than is compat-
ible with the Pauli exclusion principle, i.e., n0

⌫,q > nPauli,q

could occur for ⌫e or ⌫̄e with number densities computed

Flavor conversionK. Mori+ PASJ ‘25.  3D-CCSN simulations

Equipartition
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Fig. 1. The angular-averaged radius of the bounce shock (left) and the diagnostic explosion energy (right) as a function of the post-bounce time tpb.

Table 1. The summary of our models. The first column shows the
model name, ωc is the critical density for the onset of neutrino flavor
equipartition, tpb, 1000 is the post-bounce time at which the bounce
shock reaches the radius of 1000 km, Ediag is the diagnostic explosion
energy, MNi is the ejected nickel mass, and MPNS is the proto-neutron
star mass. The last three quantities are evaluated at tpb = tpb, 1000.

ωc tpb, 1000 Ediag MNi MPNS

[g cm→3] [ms] [1051 erg] [M↑] [M↑]
NoOsc 0 282 0.063 0.0098 1.33
Osc-10 1010 136 0.54 0.061 1.25
Osc-11 1011 163 0.31 0.045 1.28
Osc-12 1012 172 0.26 0.038 1.29

der explosion energies as high as → 1051 erg. In addition, we pre-
dict impacts of the flavor conversions on gravitational wave (GW)
and neutrino signals from a nearby supernova event.

2 Method
We perform three-dimensional stellar core-collapse simulations
with the 3DnSNe code (Takiwaki et al. 2016), adopting a non-
rotating 11.2M↑ progenitor model with the solar metallicity in
Woosley et al. (2002). The code adopts the three-flavor isotropic
diffusion source approximation (IDSA; Liebendörfer et al. 2009;
Takiwaki et al. 2014; Kotake et al. 2018) to solve the neutrino
transport. In order to implement the neutrino flavor conversions,
we follow the phenomenological method developed in Ehring et al.
(2023a, 2023b). They simply assume that flavor equipartition is
achieved within a shorter timescale than the simulation time step,
because numerical treatments of asymptotic state for the conver-
sions in global simulations are still under debate (see Dasgupta
et al. 2018; Bhattacharyya & Dasgupta 2020, 2021; Zaizen &
Nagakura 2023b, 2023a; Xiong et al. 2023b, for discussions). We
introduce a critical density ωc as a free parameter, below which
equations (9a)–(9c) in Ehring et al. (2023b) are applied to the neu-
trino distribution functions. From these equations, the lepton num-
ber conservation is guaranteed as in Ehring et al. (2023b). In our
simulations, we assume ωc = 1010, 1011, and 1012 g cm→3. This
choice can be justified by previous works (Liu et al. 2023; Akaho
et al. 2024) which report that by analyzing the quantum kinetic
equation in supernova backgrounds, CFI appears around this den-
sity. We also develop a model without neutrino oscillations for
comparison. We summarize the models in this study in Table 1.

Most of our simulations were run until core post-bounce time
tpb → 0.3 s, but the model with ωc = 1011 (Osc-11 Model) was

terminated at tpb→0.2 s, due to it showing early signs of behaviors
intermediate between the Osc-10 and Osc-12 Models.

3 Results
Figure 1 shows the radius of the bounce shock as a function of
the post-bounce time tpb. In all of our models, the bounce shock
first stalls at tpb <→ 0.05 s before reviving in later phases. We can
see that the propagation of the shock wave is fastest in the Osc-10
Model and slowest in the NoOsc Model. This trend is similar to
two-dimensional models where the same phenomenological FFI
treatment was developed (Ehring et al. 2023a).

The effect of the flavor conversion can be found in the time
snapshots at tpb = 0.2 s for our models shown in Figure 2 as well.
The figure shows that the neutrino-heated material extends to r →
1000–3000 km when the flavor conversion is considered, while it
stays within r → 500 km for the NoOsc Model. One can also see
that the peak entropy reaches s/kB=25 per baryon for the Osc-10
Model, whereas it is as low as 18 per baryon for the NoOsc Model,
where kB is the Boltzmann constant. This result implies that the
flavor conversion enhances the neutrino heating and thus helps the
explosion.

Figure 1 also shows the diagnostic explosion energy Ediag of
each model, defined as

Ediag =

∫

D

dV
(
1
2
ωv2 + e↑ ω!

)
, (1)

where ω is the density, v is the velocity, e is the internal energy, !
is the gravitational potential, and D is the region where the inte-
grand is positive and the velocity is outward. In our NoOsc Model,
Ediag does not reach 0.1↓ 1051 erg at the end of our simulation
at tpb → 0.3 s, similar to reported in Müller (2015) and Takiwaki
et al. (2016) for the same progenitor. On the other hand, the explo-
sion energy is significantly enhanced when neutrino flavor conver-
sions are included. The explosion energy is highest in the Osc-10

Model, where 0.96↓ 1051 erg is reached; this is followed by the
Osc-11 Model and finally the Osc-12 which is still more energetic
than the NoOsc Model.

The enhancement in the explosion energy has important ob-
servational implications. Supernova surveys have shown that
the typical explosion energy for observed supernova events is
→ 0.6↓1051 erg (Martinez et al. 2022), which is higher than Ediag

in NoOsc Model. Our results imply that the neutrino oscillations
could play an essential role to reproduce the observed supernova
events. We note, however, that recent long-term three-dimensional
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Fig. 1. The angular-averaged radius of the bounce shock (left) and the diagnostic explosion energy (right) as a function of the post-bounce time tpb.

Table 1. The summary of our models. The first column shows the
model name, ωc is the critical density for the onset of neutrino flavor
equipartition, tpb, 1000 is the post-bounce time at which the bounce
shock reaches the radius of 1000 km, Ediag is the diagnostic explosion
energy, MNi is the ejected nickel mass, and MPNS is the proto-neutron
star mass. The last three quantities are evaluated at tpb = tpb, 1000.

ωc tpb, 1000 Ediag MNi MPNS

[g cm→3] [ms] [1051 erg] [M↑] [M↑]
NoOsc 0 282 0.063 0.0098 1.33
Osc-10 1010 136 0.54 0.061 1.25
Osc-11 1011 163 0.31 0.045 1.28
Osc-12 1012 172 0.26 0.038 1.29
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2 Method
We perform three-dimensional stellar core-collapse simulations
with the 3DnSNe code (Takiwaki et al. 2016), adopting a non-
rotating 11.2M↑ progenitor model with the solar metallicity in
Woosley et al. (2002). The code adopts the three-flavor isotropic
diffusion source approximation (IDSA; Liebendörfer et al. 2009;
Takiwaki et al. 2014; Kotake et al. 2018) to solve the neutrino
transport. In order to implement the neutrino flavor conversions,
we follow the phenomenological method developed in Ehring et al.
(2023a, 2023b). They simply assume that flavor equipartition is
achieved within a shorter timescale than the simulation time step,
because numerical treatments of asymptotic state for the conver-
sions in global simulations are still under debate (see Dasgupta
et al. 2018; Bhattacharyya & Dasgupta 2020, 2021; Zaizen &
Nagakura 2023b, 2023a; Xiong et al. 2023b, for discussions). We
introduce a critical density ωc as a free parameter, below which
equations (9a)–(9c) in Ehring et al. (2023b) are applied to the neu-
trino distribution functions. From these equations, the lepton num-
ber conservation is guaranteed as in Ehring et al. (2023b). In our
simulations, we assume ωc = 1010, 1011, and 1012 g cm→3. This
choice can be justified by previous works (Liu et al. 2023; Akaho
et al. 2024) which report that by analyzing the quantum kinetic
equation in supernova backgrounds, CFI appears around this den-
sity. We also develop a model without neutrino oscillations for
comparison. We summarize the models in this study in Table 1.

Most of our simulations were run until core post-bounce time
tpb → 0.3 s, but the model with ωc = 1011 (Osc-11 Model) was

terminated at tpb→0.2 s, due to it showing early signs of behaviors
intermediate between the Osc-10 and Osc-12 Models.

3 Results
Figure 1 shows the radius of the bounce shock as a function of
the post-bounce time tpb. In all of our models, the bounce shock
first stalls at tpb <→ 0.05 s before reviving in later phases. We can
see that the propagation of the shock wave is fastest in the Osc-10
Model and slowest in the NoOsc Model. This trend is similar to
two-dimensional models where the same phenomenological FFI
treatment was developed (Ehring et al. 2023a).

The effect of the flavor conversion can be found in the time
snapshots at tpb = 0.2 s for our models shown in Figure 2 as well.
The figure shows that the neutrino-heated material extends to r →
1000–3000 km when the flavor conversion is considered, while it
stays within r → 500 km for the NoOsc Model. One can also see
that the peak entropy reaches s/kB=25 per baryon for the Osc-10
Model, whereas it is as low as 18 per baryon for the NoOsc Model,
where kB is the Boltzmann constant. This result implies that the
flavor conversion enhances the neutrino heating and thus helps the
explosion.

Figure 1 also shows the diagnostic explosion energy Ediag of
each model, defined as
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where ω is the density, v is the velocity, e is the internal energy, !
is the gravitational potential, and D is the region where the inte-
grand is positive and the velocity is outward. In our NoOsc Model,
Ediag does not reach 0.1↓ 1051 erg at the end of our simulation
at tpb → 0.3 s, similar to reported in Müller (2015) and Takiwaki
et al. (2016) for the same progenitor. On the other hand, the explo-
sion energy is significantly enhanced when neutrino flavor conver-
sions are included. The explosion energy is highest in the Osc-10

Model, where 0.96↓ 1051 erg is reached; this is followed by the
Osc-11 Model and finally the Osc-12 which is still more energetic
than the NoOsc Model.

The enhancement in the explosion energy has important ob-
servational implications. Supernova surveys have shown that
the typical explosion energy for observed supernova events is
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parts in kµ, the flavor coherence ωex can exponentially
grow or damp in space and time.

Now, we focus on collision-induced flavor instability
in the isotropic and homogeneous neutrino background.
Under the environment, the self-interaction potential
!j=1,2,3 bringing the phase shift to the wave number k

is zero. Thereby, a so-called zero mode k = 0 coincides
with a “true” homogeneous mode K = 0. The dispersion
relation for the homogeneous mode is consequently given
by

I →

↑

2GF

∫
E

2
ωdEω

2ε2

ωee ↓ ωxx

ϑ + iRE
= ↓1 or 3 (13)

Complex wave frequency ϑ possibly appears when flavor-
dependent collisional decoherence is included and leads
to a collisional flavor instability [26].

Eq. (13) can be analytically solved for a monochro-
matic neutrino distribution, and in the multi-energy case,
the approximated solutions are provided with mean col-

lision rates ↔

(→)

R ↗ in Refs. [53, 55]. The approximated so-
lutions are

ϑ± = ↓A ↓ iϖ ±

√
A2 ↓ ϱ2 + 2iGϱ (14)

corresponding to an isotropy-preserving mode for I = ↓1
in Eq. (13), which has larger growth rates compared than
an isotropy-breaking mode for I = 3 in the conditions
[53]. Each quantity is defined with (mean) collision rates
and number densities:

ϖ =
R + R̄

2
, ϱ =

R ↓ R̄

2
, G =

g + ḡ

2
, A =

g ↓ ḡ

2
, (15)

with
(→)

g =
↑

2GF(
(→)

n ωe ↓
(→)

n ωx). In the following limits,
Eq. (14) is simplified into easier fomulae [11, 53];

ϑ± ↘





↓A ↓ iϖ ±

(
|A| + i

|Gϱ|

|A|

)
if A

2
≃ |Gϱ|

↓A ↓ iϖ ±

√
|Gϱ| if A

2
⇐ |Gϱ| .

(16)
The limit in the lower line is achieved only when |A| ⇒ 0
and called a resonance-like CFI [52, 53, 58]. In this work,
we focus only on the corresponding limit to the upper
case, and then the maximum growth rate is given by

max [Im ϑ±] ↘ ↓ϖ +
|Gϱ|

|A|
if A

2
≃ |Gϱ| , (17)

which is roughly proportional to the collision rates R.

C. Model

Our aims are to understand the asymptotic behaviors
of CFC. To this end, we employ parametric neutrino en-
ergy distributions and flavor-dependent collision rates.
We assume initial neutrino systems are composed only of

FIG. 1. Collisional instability modes by linear stability analy-
sis as a function of reaction rates for antineutrinos. Two solid
and dashed lines are imaginary and real parts of wave frequen-
cies numerically solved from Eq. (13), respectively. Dotted
lines correspond to approximated scheme in Eq. (17). Dot-
dashed lines to mean collision rates for neutrinos and antineu-
trinos.

pure electron-type neutrinos for simplicity, though pre-
vious studies have revealed the contribution from heavy-
leptonic flavors stabilizes the system in the CFI case [54].
Following Ref. [55], initial neutrino Fermi-Dirac distribu-
tion is

fω ⇑
1

exp[(Eω ↓ µω)/Tω ] + 1
(18)

with µω be a chemical potential set by zero and choos-
ing Tωe = 4 MeV and Tω̄e = 5 MeV. And instead of the
chemical potentials which arrange the hierarchy of neu-
trino number densities, the asymmetric parameter of ς̄e

to ςe is set ϱasym → nω̄e/nωe = 0.8. And we set the self-
interaction strength is µ0 = 104 km→1 and an initial per-
turbation of 10→3 in the o”-diagonal component instead
of the vacuum term. Energy dependence of collision rates
is for simplicity adopted by

(→)

R ω(Eω) =
(→)

R 0

(
Eω

10 MeV

)2

, (19)

where we fix R0 = 1km→1 for neutrinos and parametrize
R̄0 for anti-neutrinos from 0 to 2 km→1.

Figure 1 demonstrates collisional modes in flavor insta-
bility obtained numerically from Eq. (13) and solved an-
alytically as Eq. (17) as a function of reaction rate R̄0 for
antineutrinos. It is clearly found that dominant growing
modes switch around ↔R̄0↗ ⇓ ↔R0↗ as the reaction rate
increases. As can be seen from the definition in Eqs. (15)
and (16), the sign of ϱ changes after that equality, and
the maximum growing mode changes so as to compensate
for that sign. Note that we fix neutrino number densi-
ties in this study, but if not so, the change of the sign of
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pure electron-type neutrinos for simplicity, though pre-
vious studies have revealed the contribution from heavy-
leptonic flavors stabilizes the system in the CFI case [54].
Following Ref. [55], initial neutrino Fermi-Dirac distribu-
tion is

fω ⇑
1
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where we fix R0 = 1km→1 for neutrinos and parametrize
R̄0 for anti-neutrinos from 0 to 2 km→1.

Figure 1 demonstrates collisional modes in flavor insta-
bility obtained numerically from Eq. (13) and solved an-
alytically as Eq. (17) as a function of reaction rate R̄0 for
antineutrinos. It is clearly found that dominant growing
modes switch around ↔R̄0↗ ⇓ ↔R0↗ as the reaction rate
increases. As can be seen from the definition in Eqs. (15)
and (16), the sign of ϱ changes after that equality, and
the maximum growing mode changes so as to compensate
for that sign. Note that we fix neutrino number densi-
ties in this study, but if not so, the change of the sign of
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2
, (15)

with
(→)

g =
↑

2GF(
(→)

n ωe ↓
(→)

n ωx). In the following limits,
Eq. (14) is simplified into easier fomulae [11, 53];

ϑ± ↘





↓A ↓ iϖ ±

(
|A| + i

|Gϱ|

|A|

)
if A

2
≃ |Gϱ|

↓A ↓ iϖ ±

√
|Gϱ| if A

2
⇐ |Gϱ| .

(16)
The limit in the lower line is achieved only when |A| ⇒ 0
and called a resonance-like CFI [52, 53, 58]. In this work,
we focus only on the corresponding limit to the upper
case, and then the maximum growth rate is given by
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which is roughly proportional to the collision rates R.

C. Model

Our aims are to understand the asymptotic behaviors
of CFC. To this end, we employ parametric neutrino en-
ergy distributions and flavor-dependent collision rates.
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pure electron-type neutrinos for simplicity, though pre-
vious studies have revealed the contribution from heavy-
leptonic flavors stabilizes the system in the CFI case [54].
Following Ref. [55], initial neutrino Fermi-Dirac distribu-
tion is

fω ⇑
1

exp[(Eω ↓ µω)/Tω ] + 1
(18)

with µω be a chemical potential set by zero and choos-
ing Tωe = 4 MeV and Tω̄e = 5 MeV. And instead of the
chemical potentials which arrange the hierarchy of neu-
trino number densities, the asymmetric parameter of ς̄e

to ςe is set ϱasym → nω̄e/nωe = 0.8. And we set the self-
interaction strength is µ0 = 104 km→1 and an initial per-
turbation of 10→3 in the o”-diagonal component instead
of the vacuum term. Energy dependence of collision rates
is for simplicity adopted by

(→)

R ω(Eω) =
(→)

R 0

(
Eω

10 MeV

)2

, (19)

where we fix R0 = 1km→1 for neutrinos and parametrize
R̄0 for anti-neutrinos from 0 to 2 km→1.

Figure 1 demonstrates collisional modes in flavor insta-
bility obtained numerically from Eq. (13) and solved an-
alytically as Eq. (17) as a function of reaction rate R̄0 for
antineutrinos. It is clearly found that dominant growing
modes switch around ↔R̄0↗ ⇓ ↔R0↗ as the reaction rate
increases. As can be seen from the definition in Eqs. (15)
and (16), the sign of ϱ changes after that equality, and
the maximum growing mode changes so as to compensate
for that sign. Note that we fix neutrino number densi-
ties in this study, but if not so, the change of the sign of

3

parts in kµ, the flavor coherence ωex can exponentially
grow or damp in space and time.

Now, we focus on collision-induced flavor instability
in the isotropic and homogeneous neutrino background.
Under the environment, the self-interaction potential
!j=1,2,3 bringing the phase shift to the wave number k

is zero. Thereby, a so-called zero mode k = 0 coincides
with a “true” homogeneous mode K = 0. The dispersion
relation for the homogeneous mode is consequently given
by

I →
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2GF

∫
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2
ωdEω

2ε2

ωee ↓ ωxx

ϑ + iRE
= ↓1 or 3 (13)

Complex wave frequency ϑ possibly appears when flavor-
dependent collisional decoherence is included and leads
to a collisional flavor instability [26].

Eq. (13) can be analytically solved for a monochro-
matic neutrino distribution, and in the multi-energy case,
the approximated solutions are provided with mean col-

lision rates ↔

(→)

R ↗ in Refs. [53, 55]. The approximated so-
lutions are

ϑ± = ↓A ↓ iϖ ±

√
A2 ↓ ϱ2 + 2iGϱ (14)

corresponding to an isotropy-preserving mode for I = ↓1
in Eq. (13), which has larger growth rates compared than
an isotropy-breaking mode for I = 3 in the conditions
[53]. Each quantity is defined with (mean) collision rates
and number densities:

ϖ =
R + R̄

2
, ϱ =

R ↓ R̄

2
, G =

g + ḡ

2
, A =

g ↓ ḡ

2
, (15)

with
(→)

g =
↑

2GF(
(→)

n ωe ↓
(→)

n ωx). In the following limits,
Eq. (14) is simplified into easier fomulae [11, 53];

ϑ± ↘





↓A ↓ iϖ ±
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|A| + i

|Gϱ|

|A|

)
if A

2
≃ |Gϱ|

↓A ↓ iϖ ±

√
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2
⇐ |Gϱ| .

(16)
The limit in the lower line is achieved only when |A| ⇒ 0
and called a resonance-like CFI [52, 53, 58]. In this work,
we focus only on the corresponding limit to the upper
case, and then the maximum growth rate is given by

max [Im ϑ±] ↘ ↓ϖ +
|Gϱ|

|A|
if A

2
≃ |Gϱ| , (17)

which is roughly proportional to the collision rates R.

C. Model

Our aims are to understand the asymptotic behaviors
of CFC. To this end, we employ parametric neutrino en-
ergy distributions and flavor-dependent collision rates.
We assume initial neutrino systems are composed only of
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antineutrinos. It is clearly found that dominant growing
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FIG. 2. Time evolution of transition probability Pex (top)
of electron-type neutrinos and flavor coherency |ωex| (bot-
tom), respectively. Collisional rates for antineutrinos are
R̄0 = 1 km→1, and color contours for lines correspond to neu-
trino energy dependence. Dotted line corresponds to unstable
mode exhibited in Fig. 1.

A can bring similar behaviors [56]. The disparity in the
sign between A and ω produces the distinction between
the plus and minus modes. In the subsequent section,
the two unstable modes display quite di!erent behaviors
in both linear and nonlinear dynamics.

III. MULTI-ENERGY FLAVOR EVOLUTION

We perform the two representative cases, adopting the
higher and lower sides of reaction rates for antineutrinos,
R̄0 = 1 and 0.1 km→1. These choices correspond to two
unstable modes of CFI, the plus and minus modes, in
Fig. 1. The disparity in the reaction rates between neu-
trinos and antineutrinos can be attributed to the proper-
ties of background matter, such as electron fraction Ye.
Actually, εe opacity is about an order of magnitude more
dominant than that of ε̄e at the radii with Ye → 0.1, while
in the Ye → 0.5 regions they are comparable [11].

Figure 2 shows the time evolution of transition proba-
bility Pex(Eω) (top panel) of electron-type neutrinos and
flavor coherence |ϑex(Eω)| (bottom) with energy depen-
dency in the case of reaction rate R̄0 = 1 km→1. Neutri-
nos with the highest energy reach a flavor equipartition,
Pex → 0.5, at the asymptotic states, while lower ones have
monotonically weaker transition probabilities in the top
panel. In the bottom, isoenergetic exponential growth

FIG. 3. Time evolution of the norm ||P || of the polarization
vector (top) and the angle of P3 relative to the z-axis in the
flavor space for neutrinos. In the bottom panel, all colored
lines are overlapped.

proceeds in the linear phase, and then energy-dependent
collisional decoherence makes the system return to the
flavor eigenstates in the later phase. This result is con-
sistent with what was reported in the previous work [55].
Note that in this figure, the flavor coherence |ϑex| or
||P↑|| is normalized so as to make the initial P3 unity.
This means that the spectral structure of the transition
probability and the flavor coherence does not include the
neutrino distribution functions. Now, since we assume
the same reaction rate for antineutrinos as that for neu-
trinos, such conversion properties become similar, and we
do not present them in the figure.

To cultivate the understanding of the nonlinear behav-
iors, we exhibit the time evolution of the norm of the po-
larization vector for neutrinos in the top panel of Fig. 3.
The polarization vector with the highest neutrino energy
completely collapses within the Bloch sphere, while the
ones for neutrinos with lower energy remain almost at
pure states. The following equation gives this norm evo-
lution;

dt ||P ||
2 = ↑2RE ||P↑||

2
. (20)

Since the flavor coherence ||P→|| grows isoenergetically,
the spectral structure of the norm shrinking is deter-
mined by the energy dependence of reaction rates RE .
So, the length of the polarization vector shortens mono-
tonically with ↓ E

2
ω in the energy domain. Meanwhile,

the bottom panel of Fig. 3 exhibits the angle of P3 rela-
tive to the third axis (hereafter denoted as the z-axis) in
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FIG. 4. Same as Fig. 2, but collision rates R̄0 = 0.1 km→1 for antineutrinos.

IV. FLAVOR ANALYSIS

A. Flavor Analysis by Eigenvector

Under the assumptions of isotropic and homogeneous
neutrino background, the eigenvector associated with the
unstable mode in Eq. (9) can be recast into

Q̃E = (ωee → ωxx)
1

ε + iRE
(23)

and the amplitude is given by
∣∣∣Q̃E

∣∣∣ = (ωee → ωxx)
1√

ε2
r + (εi + RE)2

, (24)

where ε = εr + iεi. The energy dependence can be
produced by reaction rates, except for the neutrino dis-
tributions. Recalling Eq. (16), the real parts of ε± are
approximated to Re(ε±) = →A ± |A|. When the sign
of A is positive, the real part of the plus mode vanishes,
while the minus mode has →2A in the real part. In the
limit of A

2
↑ |Gϑ|, the value of A (or the self-interaction

potential) is much larger than reaction rates. This means

that the amplitude of the eigenvector is
∣∣∣Q̃E

∣∣∣ ↓ |εr|
→1

in the minus mode and becomes independent of neutrino
energy because εr exceeds the other terms in the denom-
inator in Eq. (24). On the other hand, the plus mode ε+

becomes almost pure complex, and so the amplitude has
energy dependence with (εi + RE)→1.

Figure 6 demonstrates the energy dependence of the
eigenvector Q̃E for both the plus and minus modes in
the case of R̄0 = 0.1 km→1. As noted above, the minus
mode is homogeneous in neutrino energy, and the plus
mode has a distribution peaked at lower energy. Note
that the eigenvector for antineutrinos becomes flatter be-
cause the collision rate R̄E is weaker than neutrinos. The
eigenvector says that flavor coherency should be evolved
with the energy distribution associated with the corre-
sponding unstable mode. This fact is consistent with the
isoenergetic exponential growth in Fig. 2 for R̄0 = 1km→1

because the plus mode is stable and only the minus mode
is active in this setup. On the other hand, in the case of
R̄0 = 0.1 km→1, both the minus and plus modes have non-
zero imaginary parts. Also, in our simulation setup, the
initial seed of flavor coherence is homogeneously given in
neutrino energy. Hence, the minus mode with the homo-
geneous eigenvector, which is a damping mode, reduces
the flavor coherence at first, and then the spectral compo-
nent with ↓ (εi+RE)→1 following the plus mode appears
excited. As confirmed from the bottom panel of Fig. 4,
neutrinos with the lower energy begin to grow before the
higher-energy neutrinos. Also, in the antineutrino sector
(right panel), the spectral deviation is smaller than in
the neutrino sector (left) because the spectral structure
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FIG. 4. Same as Fig. 2, but collision rates R̄0 = 0.1 km→1 for antineutrinos.
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FIG. 5. Same as Fig. 3, but plots in the both neutrino and antineutrino sectors for R̄0 = 0.1 km→1.
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density.

of the eigenvector is less dependent on neutrino energy.
Note that when we employ an initial seed from the vac-
uum term, not the artificial perturbation, the damping

phase in the early epoch does not appear much because
the perturbation has a spectral structure with a vacuum
frequency ωV → E

→2
ω .

The di!erence in the nonlinear behaviors between
Figs. 2 and 4 can be understood by the spectral structure
in the linear growth phase. In the case of R̄0 = 1 km→1,
all neutrinos with any energy simultaneously reach a lin-
ear saturation, and then collisional decoherence becomes
to dominate the system evolution, as can be seen in Fig. 2.
On the other hand, in the case of R̄0 = 0.1 km→1, since
the eigenvector of growing mode has a low-energy peaked
distribution, neutrinos with lower energy reach the linear
saturation before the higher energetic ones. The nonlin-
ear power propagates into the other neutrinos via their
self-interactions, and neutrinos with higher energy are
forced to behave as in the nonlinear regime. However,
the neutrinos themselves do not have enough significant
flavor coherence εex, so the resultant collisional decoher-
ence is still weak. As a consequence, collisional decoher-
ence in the entire system can not prevent the low-energy
neutrinos from undergoing a continuous flavor conversion
in the nonlinear order, and they cannot establish a com-
plete flavor swap.

The balance between flavor coherence and collisional
decoherence can be read out through the energy depen-
dence of the norm collapse presented in Fig. 7. The distri-
bution has the extremum in the middle of the considered
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FIG. 2. Time evolution of transition probability Pex (top)
of electron-type neutrinos and flavor coherency |ωex| (bot-
tom), respectively. Collisional rates for antineutrinos are
R̄0 = 1 km→1, and color contours for lines correspond to neu-
trino energy dependence. Dotted line corresponds to unstable
mode exhibited in Fig. 1.

A can bring similar behaviors [56]. The disparity in the
sign between A and ω produces the distinction between
the plus and minus modes. In the subsequent section,
the two unstable modes display quite di!erent behaviors
in both linear and nonlinear dynamics.

III. MULTI-ENERGY FLAVOR EVOLUTION

We perform the two representative cases, adopting the
higher and lower sides of reaction rates for antineutrinos,
R̄0 = 1 and 0.1 km→1. These choices correspond to two
unstable modes of CFI, the plus and minus modes, in
Fig. 1. The disparity in the reaction rates between neu-
trinos and antineutrinos can be attributed to the proper-
ties of background matter, such as electron fraction Ye.
Actually, εe opacity is about an order of magnitude more
dominant than that of ε̄e at the radii with Ye → 0.1, while
in the Ye → 0.5 regions they are comparable [11].

Figure 2 shows the time evolution of transition proba-
bility Pex(Eω) (top panel) of electron-type neutrinos and
flavor coherence |ϑex(Eω)| (bottom) with energy depen-
dency in the case of reaction rate R̄0 = 1 km→1. Neutri-
nos with the highest energy reach a flavor equipartition,
Pex → 0.5, at the asymptotic states, while lower ones have
monotonically weaker transition probabilities in the top
panel. In the bottom, isoenergetic exponential growth

FIG. 3. Time evolution of the norm ||P || of the polarization
vector (top) and the angle of P3 relative to the z-axis in the
flavor space for neutrinos. In the bottom panel, all colored
lines are overlapped.

proceeds in the linear phase, and then energy-dependent
collisional decoherence makes the system return to the
flavor eigenstates in the later phase. This result is con-
sistent with what was reported in the previous work [55].
Note that in this figure, the flavor coherence |ϑex| or
||P↑|| is normalized so as to make the initial P3 unity.
This means that the spectral structure of the transition
probability and the flavor coherence does not include the
neutrino distribution functions. Now, since we assume
the same reaction rate for antineutrinos as that for neu-
trinos, such conversion properties become similar, and we
do not present them in the figure.

To cultivate the understanding of the nonlinear behav-
iors, we exhibit the time evolution of the norm of the po-
larization vector for neutrinos in the top panel of Fig. 3.
The polarization vector with the highest neutrino energy
completely collapses within the Bloch sphere, while the
ones for neutrinos with lower energy remain almost at
pure states. The following equation gives this norm evo-
lution;

dt ||P ||
2 = ↑2RE ||P↑||

2
. (20)

Since the flavor coherence ||P→|| grows isoenergetically,
the spectral structure of the norm shrinking is deter-
mined by the energy dependence of reaction rates RE .
So, the length of the polarization vector shortens mono-
tonically with ↓ E

2
ω in the energy domain. Meanwhile,

the bottom panel of Fig. 3 exhibits the angle of P3 rela-
tive to the third axis (hereafter denoted as the z-axis) in
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FIG. 4. Same as Fig. 2, but collision rates R̄0 = 0.1 km→1 for antineutrinos.

IV. FLAVOR ANALYSIS

A. Flavor Analysis by Eigenvector

Under the assumptions of isotropic and homogeneous
neutrino background, the eigenvector associated with the
unstable mode in Eq. (9) can be recast into

Q̃E = (ωee → ωxx)
1

ε + iRE
(23)

and the amplitude is given by
∣∣∣Q̃E

∣∣∣ = (ωee → ωxx)
1√

ε2
r + (εi + RE)2

, (24)

where ε = εr + iεi. The energy dependence can be
produced by reaction rates, except for the neutrino dis-
tributions. Recalling Eq. (16), the real parts of ε± are
approximated to Re(ε±) = →A ± |A|. When the sign
of A is positive, the real part of the plus mode vanishes,
while the minus mode has →2A in the real part. In the
limit of A

2
↑ |Gϑ|, the value of A (or the self-interaction

potential) is much larger than reaction rates. This means

that the amplitude of the eigenvector is
∣∣∣Q̃E

∣∣∣ ↓ |εr|
→1

in the minus mode and becomes independent of neutrino
energy because εr exceeds the other terms in the denom-
inator in Eq. (24). On the other hand, the plus mode ε+

becomes almost pure complex, and so the amplitude has
energy dependence with (εi + RE)→1.

Figure 6 demonstrates the energy dependence of the
eigenvector Q̃E for both the plus and minus modes in
the case of R̄0 = 0.1 km→1. As noted above, the minus
mode is homogeneous in neutrino energy, and the plus
mode has a distribution peaked at lower energy. Note
that the eigenvector for antineutrinos becomes flatter be-
cause the collision rate R̄E is weaker than neutrinos. The
eigenvector says that flavor coherency should be evolved
with the energy distribution associated with the corre-
sponding unstable mode. This fact is consistent with the
isoenergetic exponential growth in Fig. 2 for R̄0 = 1km→1

because the plus mode is stable and only the minus mode
is active in this setup. On the other hand, in the case of
R̄0 = 0.1 km→1, both the minus and plus modes have non-
zero imaginary parts. Also, in our simulation setup, the
initial seed of flavor coherence is homogeneously given in
neutrino energy. Hence, the minus mode with the homo-
geneous eigenvector, which is a damping mode, reduces
the flavor coherence at first, and then the spectral compo-
nent with ↓ (εi+RE)→1 following the plus mode appears
excited. As confirmed from the bottom panel of Fig. 4,
neutrinos with the lower energy begin to grow before the
higher-energy neutrinos. Also, in the antineutrino sector
(right panel), the spectral deviation is smaller than in
the neutrino sector (left) because the spectral structure
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FIG. 5. Same as Fig. 3, but plots in the both neutrino and antineutrino sectors for R̄0 = 0.1 km→1.
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0.1 km→1. Solid lines are for neutrinos and dashed lines for
antineutrinos. The amplitude is normalized with the number
density.

of the eigenvector is less dependent on neutrino energy.
Note that when we employ an initial seed from the vac-
uum term, not the artificial perturbation, the damping

phase in the early epoch does not appear much because
the perturbation has a spectral structure with a vacuum
frequency ωV → E

→2
ω .

The di!erence in the nonlinear behaviors between
Figs. 2 and 4 can be understood by the spectral structure
in the linear growth phase. In the case of R̄0 = 1 km→1,
all neutrinos with any energy simultaneously reach a lin-
ear saturation, and then collisional decoherence becomes
to dominate the system evolution, as can be seen in Fig. 2.
On the other hand, in the case of R̄0 = 0.1 km→1, since
the eigenvector of growing mode has a low-energy peaked
distribution, neutrinos with lower energy reach the linear
saturation before the higher energetic ones. The nonlin-
ear power propagates into the other neutrinos via their
self-interactions, and neutrinos with higher energy are
forced to behave as in the nonlinear regime. However,
the neutrinos themselves do not have enough significant
flavor coherence εex, so the resultant collisional decoher-
ence is still weak. As a consequence, collisional decoher-
ence in the entire system can not prevent the low-energy
neutrinos from undergoing a continuous flavor conversion
in the nonlinear order, and they cannot establish a com-
plete flavor swap.

The balance between flavor coherence and collisional
decoherence can be read out through the energy depen-
dence of the norm collapse presented in Fig. 7. The distri-
bution has the extremum in the middle of the considered
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A. Flavor Analysis by Eigenvector

Under the assumptions of isotropic and homogeneous
neutrino background, the eigenvector associated with the
unstable mode in Eq. (9) can be recast into

Q̃E = (ωee → ωxx)
1

ε + iRE
(23)

and the amplitude is given by
∣∣∣Q̃E

∣∣∣ = (ωee → ωxx)
1√

ε2
r + (εi + RE)2

, (24)

where ε = εr + iεi. The energy dependence can be
produced by reaction rates, except for the neutrino dis-
tributions. Recalling Eq. (16), the real parts of ε± are
approximated to Re(ε±) = →A ± |A|. When the sign
of A is positive, the real part of the plus mode vanishes,
while the minus mode has →2A in the real part. In the
limit of A

2
↑ |Gϑ|, the value of A (or the self-interaction

potential) is much larger than reaction rates. This means

that the amplitude of the eigenvector is
∣∣∣Q̃E

∣∣∣ ↓ |εr|
→1

in the minus mode and becomes independent of neutrino
energy because εr exceeds the other terms in the denom-
inator in Eq. (24). On the other hand, the plus mode ε+

becomes almost pure complex, and so the amplitude has
energy dependence with (εi + RE)→1.

Figure 6 demonstrates the energy dependence of the
eigenvector Q̃E for both the plus and minus modes in
the case of R̄0 = 0.1 km→1. As noted above, the minus
mode is homogeneous in neutrino energy, and the plus
mode has a distribution peaked at lower energy. Note
that the eigenvector for antineutrinos becomes flatter be-
cause the collision rate R̄E is weaker than neutrinos. The
eigenvector says that flavor coherency should be evolved
with the energy distribution associated with the corre-
sponding unstable mode. This fact is consistent with the
isoenergetic exponential growth in Fig. 2 for R̄0 = 1km→1

because the plus mode is stable and only the minus mode
is active in this setup. On the other hand, in the case of
R̄0 = 0.1 km→1, both the minus and plus modes have non-
zero imaginary parts. Also, in our simulation setup, the
initial seed of flavor coherence is homogeneously given in
neutrino energy. Hence, the minus mode with the homo-
geneous eigenvector, which is a damping mode, reduces
the flavor coherence at first, and then the spectral compo-
nent with ↓ (εi+RE)→1 following the plus mode appears
excited. As confirmed from the bottom panel of Fig. 4,
neutrinos with the lower energy begin to grow before the
higher-energy neutrinos. Also, in the antineutrino sector
(right panel), the spectral deviation is smaller than in
the neutrino sector (left) because the spectral structure
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Summary

1. Collision-induced flavor conversion can occur at deeper 
radii.

2. Dominant unstable mode depends on the magnitude 
relation in number density & collision rate.

3. Asymptotic behavior (state) with energy dependence is 
determined by the corresponding unstable mode.
1. Flavor equipartition or swap

4. But there are still some assumptions. More accurate 
demonstration is required with realistic models.


