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Neutrino Radiation Transport

- Development of the Boltzmann neutrino radiation hydrodynamical code for CCSNe simulations.

- Analysis of neutrino transport in the intermediate region between optically thick and thin

- Validation and improvement of approximation method

- Understanding the explosion mechanism through investigation of detailed microphysical processes

OUR OBJECTIVE
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Boltzmann Equation Approximation Method
- Leakage Scheme

- Light Bulb Approximation

- Ray-by-Ray Approach

- IDSA(Isotropic Diffusion Source 

Approximation)

- MGFLD(Multi-Group Flux Limited 

Diffusion) method

- Two-Moment method



(Nagakura et al. 2016, Akaho et al. 2021)
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
c
f n+1
i − f ni
Dt

+
µ ν

r 2
∂
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(r 2f )
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+
1 − µ 2

ν cosφν
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ν sinφν
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1
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ν f
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ν
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∂
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1
c
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δt
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collision
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.

6

Anti-Electron Capture

Electron Capture on nuclei

Emission/Absorption Scattering

The Ast r ophysical Jour nal Suppl ement Ser ies, 199:17 (32pp), 2012 March Sumiyoshi & Yamada
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where we schematically express the advection terms for the cell
containing f n+1
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
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i − f ni
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+
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
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i − f ni
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
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i − f ni
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r 2
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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i − f ni
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
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f n+1
i − f ni
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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i − f ni
Dt

+
µ ν

r 2
∂
∂r

(r 2f )
n+1

+
1 − µ 2

ν cosφν
r sin θ

∂
∂θ

(sin θf )
n+1

+
1 − µ 2

ν sinφν
r sin θ

∂f
∂φ

n+1

+
1
r

∂
∂µ ν

1 − µ 2
ν f

n+1

+ −
1 − µ 2

ν

r
cos θ
sin θ

∂
∂φν

(sinφνf )
n+1

=
1
c
δf
δt

n+1

collision
,

(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
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r 2
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(r 2f )
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δf
δt
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
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i − f ni
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+
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:

1
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f n+1
i − f ni
Dt

+
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r 2
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,

(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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i − f ni
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.

6

Electron-positron pair process

Nucleon-nucleon bremsstrahlung

Pair Process

Gs
m º ps

m d f
dt
²
#

%
&
¢

collision (s)

d3pò

Gs º
d f
dt
#
%

&
¢
(

collision (s)

d3pò

d f
dt
!
²
#

%
&

collision (s)

= d f
dt
¢
() +, emis-abs (s)

+ d f
dt
¢
() +, scat (s)

+ d f
dt
¢
() +, pair (s)

W eak In teraction



Gravitational Waves
Matter origin Neutrino origin

GW from matter is dominant in t ~ 10 - 50ms, while GW from neutrino increase with increasing time.

(GW calculation code of should be refined more.)

(generated within ~200km)



SUMMARY

Our group focuses on understanding the detailed physics, such as neutrino radiation 
transport, EOS of nuclear matter, neutrino weak interactions, and neutrino oscillations.

I have performed 3D simulations using Boltzmann neutrino radiation hydrodynamic code,

We investigate the explosion mechanism of core-collapse supernovae.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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(20)

where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
c
δf
δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
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δt pair

= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radialNr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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with the relationRscat(W′ ; W) = Rscat(W; W′ ). The collision term
for the pair process is expressed by

1
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= −
dε ′ε ′2

(2π)3 dW′Rpair-anni(ε,W; ε ′ ,W′ )

× f (ε,W)f (ε ′ ,W′ ) +
dε ′ε ′2

(2π)3 dW′Rpair-emis(ε,W; ε ′ ,W′ )

× [1 − f (ε,W)][1 − f (ε ′ ,W′ )], (11)

where f (ε ′ ,W′ ) denotes the distribution of anti-neutrinos. From
the detailed balance, the following relation holds:

Rpair-anni(ε,W; ε ′ ,W′ ) = Rpair-emis(ε,W; ε ′ ,W′ )eβ(ε+ε ′ ). (12)

We linearize the collision term, Equation (11), by assuming
that the distribution for anti-neutrinos is given by that in the
previous time step or the equilibrium distribution. This is a good
approximation since the pair process is dominant only in high-
temperature regions, where neutrinos are in thermal equilibrium.
We adopt the approach with the distribution in the previous time
step in all of the numerical calculations with pair processes in
the current study. We utilize further the angle average of the
distribution when we take the isotropic emission rate as we will
state. We have also tested that the approach with the equilibrium
distribution determined by the local temperature and chemical
potential works equally well.

As for the reaction rates, we take mainly from the conven-
tional set by Bruenn (1985) with some extensions (Sumiyoshi
et al. 2005). We implement the neutrino reactions,

e− + p ←→ νe + n [ecp], (13)

e+ + n ←→ ν̄e + p [aecp], (14)

e− + A ←→ νe + A ′ [eca], (15)
for the absorption/ emission,

ν + N ←→ ν + N [nsc], (16)

ν + A ←→ ν + A [csc], (17)
for the isoenergetic scattering. We do not take into account
the neutrino–electron scattering. It is well known that the
influence of this reaction is minor although it contributes to the
thermalization (Burrows et al. 2006a). As for the pair process,
we take the electron–positron process and the nucleon–nucleon
bremsstrahlung as follows:

e− + e+ ←→ νi + ν̄i [pap], (18)

N + N ←→ N + N + νi + ν̄i [nbr]. (19)
For these pair processes, we take the isotropic emission rate
as an approximation, which avoids complexity but describes
the essential roles. We remark that the set of the reaction rates
adopted in the current study is the minimum, which describes
sufficiently the major role of neutrino reactions in the supernova
mechanism. Further implementation of other neutrino reactions
and more sophisticated description of reaction rates in the
modern version (Buras et al. 2006; Burrows et al. 2006b) will
be done once we have enough computing resources.

3.3. Equation of State

We utilize the physical EOS of dense matter to evaluate
the rates of neutrino reactions. It is necessary to have the
composition of dense matter and the related thermodynamical
quantities such as the chemical potentials and the effective mass
of nucleon. We implement the subroutine for the evaluation
of quantities from the data table of EOS as used in the other
simulations of core-collapse supernovae (Sumiyoshi et al. 2005,
2007). We adopt the table of the Shen EOS (Shen et al. 1998a,
1998b, 2011) in the current study. Other sets of EOSs can be
used by simply replacing the data table.

3.4. Numerical Scheme

We describe the numerical scheme employed in the numerical
code for the neutrino transfer in 3D. The method of the
discretization is based on the approach by Mezzacappa &
Bruenn (1993) and Castor (2004). We also refer the references
by Swesty & Myra (2009) and Stone et al. (1992) for the other
methods of discretization of neutrino transfer and radiation
transfer.

We define the neutrino distributions at the cell centers and
evaluate the advection at the cell interfaces and the collision
terms at the cell centers. We describe the neutrino distributions
in the space coordinate with radial Nr-, polarNθ-, and azimuthal
Nφ-grid points and in the neutrino momentum space with energy
Nε-grid points and angle Nθν - and Nφν -grid points. We explain
the detailed relations to define the numerical grid in Appendix
A.2.

We discretize the Boltzmann equation, Equation (5), for the
neutrino distribution, f ni , in a finite-differenced form on the grid
points. Here we assign the integer indices n and n + 1 for the
time steps and i for the grid position. We adopt the implicit
differencing in time to ensure the numerical stability for stiff
equations and to have long time steps for supernova simulations.
We solve the equation for f n+1

i by evaluating the advection and
collision terms at the time step n + 1 in the following form:
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where we schematically express the advection terms for the cell
containing f n+1

i . We evaluate the advection at the cell interface
by the upwind and central differencing for free-streaming and
diffusive limits, respectively. The two differencing methods are
smoothly connected by a weighting factor in the intermediate
regime between the free-streaming and diffusive limits. We de-
scribe the numerical scheme for the evaluation of the advection
terms in Appendix A.3. We express the collision terms by the
summation of the integrand using the neutrino distributions at
the cell centers.
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