
集団振動を伴うニュートリノ輸送に対して
背景物質の密度勾配がもたらす影響
Quantum Kinetic Neutrino Transport

 with Global Matter Gradient

Masamichi ZAIZEN
(Univ. of Tokyo, Komaba)

Mar. 10, 2026
第12回超新星ニュートリノ研究会 @沼津

in prep.



2

CFI

FFC

eigenvalue. The corresponding eigenvector gives the direction
of the neutrino energy flux also in this case. It is obvious that
there is a twofold degenerate vanishing eigenvalue in addition
to the unique nonvanishing eigenvalue. Finally, in the
intermediate regime between the optically thick and thin limits,
the ellipsoid is triaxial in general (Figure 8(b)). The longest
principal axis is denoted by L hereafter. The directions of the
neutrino energy flux F and the matter velocity V are also
represented by the arrows with white and black heads,
respectively, in the figure. The angle between F and L is
designated as θFL, and its cosine m q= cosFL FL is used for the
later analysis.

Figure 9 shows the distribution functions f of νe in
momentum space (top panels) and the corresponding ellipsoids
of the Eddington tensors obtained in the Boltzmann simulation
(middle panels) and those evaluated in the M1 approximation
(bottom panels) at three radii from 10 to 40 km for the neutrino
energy = á ñ FR FR , i.e., the average energy. At r=10 km, the
neutrino distribution in momentum space is almost isotropic at
all energies in the fluid rest frame owing to the tight coupling
with matter, and as a result, F is nearly parallel to V in the
laboratory frame (Figure 9(d)). The Eddington tensor that is
evaluated in the laboratory frame is also slightly elongated in
the direction of F. With the increasing radius, high-energy
neutrinos are depleted (Figure 9(b)) and, more importantly,

Figure 5. Isosurfaces of density, electron fraction, and entropy with the fluid velocity vectors are shown in the left column. The isosurfaces of neutrino number
densities with the average velocity vectors for νe (first row), nē (second row), and νx (third row) measured in the laboratory frame (LB) and fluid rest frame (FR) are
also shown in the middle and right columns, respectively. The isosurfaces are cut away above the equatorial plane. The vectors are superimposed on the cut planes.
The vectors of the average velocity for nē are not shown in r<20 km.
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Core-collapse supernova (CCSN)

CCSN: forming an extreme environment in the center.
 e.g., Nuclear density
Neutrinos: coupling weakly with matters

à As a mediator for thermal energy
à Affect the dynamics and the observables.
 e.g., Neutrino heating mechanism

Need numerical modeling.
à Incorporation of all physics.
à One of the uncertainties is “Neutrino Oscillation”

Neutrino Physics in CCSN

?

higgstan.com
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Quantum Kinetic Neutrino Transport
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Beyond Boltzmann eq.:
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Matter Gradient (Advection)
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In Eqs. (1a)-(1b), S±[z, t] represents a three-dimensional
flavor-space vector with basis {ê1, ê2, ê3}, describing the
flavor composition of neutrinos traveling at velocity v± =
±1 at a specific space-time point (z, t). Note that we
will omit the explicit z, t dependence of quantities unless
needed for emphasis, shown as [...], e.g., S±[z, t]. The lon-
gitudinal component along ê3 is S

→
±, while the transverse

components in the ê1 → ê2 plane are represented by a two-
dimensional vector S↑

±, with |S↑
±| =

√
1 → (S→

±)2 that can
be associated with the amount of flavor conversion. In
Eqs. (1a)-(1b), ω = ω(0, 0, 1), where ω(z) =

↑
2GF ne(z),

represents the matter potential due to neutrino forward
scattering with inhomogeneous background electrons of
density ne. Meanwhile, µ =

↑
2GF nωe characterizes the

strength of the neutrino self-interaction potential orig-
inating from neutrino forward scattering among them-
selves. ε is the initial neutrino number density ratio of
the v = →1 to v = +1 mode, representing the depth of
the zero crossing in the neutrino angular distribution for
our two-beam model.

Without loss of generality, we set ε = 1/3, µ =
1.5 cm↓1, and let ω vary linearly in the z direc-
tion, defined by ω = m(z + 30) cm↓1. Here, m

represents the rate of spatial variation of ω along
the z-direction. We take di!erent values of m =
{10↓6

, 10↓4
, 10↓2

, 0.5, 1, 1.5, 2, 5, 10, 20} cm↓2. Using the
finite volume (FV) version of the COSEϑ solver [62],
Eqs. (1a)-(1b) are solved up to t = 1.8 ns with peri-
odic boundary conditions1 over z ↓ !z = (→30, +30) cm
discretized by 6, 000 uniform grids, initializing S

→
±[z, t =

0] =
√

1 → S2
x[z, t = 0], Sx[z, t = 0] = 10↓6

e
↓z2/(2w2)

and Sy[z, t = 0] = 0, with w = 5 cm.
E!ect of matter inhomogeneity.— We define the mea-

sure of the overall FFC in the simulation domain !z as
Strans

± , given by

Strans
± [t] = 1

!z

∫ !z
2

↓ !z
2

dz

∣∣∣S↑
±[z, t]

∣∣∣ . (2)

Its evolution in Fig. 1 reveals three regimes based on m:

• Small m (0 ↔ m [cm2] ↔ 10↓2): Strans
± behaves

as in the absence of a matter term, leading to fast
flavor depolarization. The flavor instability drives
exponential growth of Strans

± for t ↭ 0.6 ns until it
reaches O(1) value.

• Intermediate m (10↓2
< m [cm2] < 3): The onset

of FFC is delayed. For m = 0.5, growth starts

1 As the form of ω introduces a discontinuity at the boundary, we
only conduct our simulation up to the time when the flavor wave
triggered by the central perturbation source of nonzero Sx does
not cross the boundary. We have verified that a di!erent choice
of !z does not a!ect our result.
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FIG. 1. Time evolution of S
trans
± [t] for spatially varying ω at

di!erent rates, denoted by m (ranging from 0 to 20 cm→2 as
indicated in the legend) shown with di!erent colors. Dashed
and continuous lines represent S

trans
+ [t] and S

trans
→ [t], respec-

tively. For m = 0, the simulation includes a constant matter
term ω = 3 → 10→3 cm→1. Lines with m < 10→2 cm→2 com-
pletely overlap with each other.

later (t = 0.45 ns) and slower, reaching a reduced
asymptotic value. Larger m values further delay
and suppress instability growth.

• Large m (m [cm2] ↗ 3): Strans
± decreases over time,

with a faster decline for larger m, eventually sta-
bilizing at a constant value that signifies no flavor
conversion as t ↘ ≃.

Stability analysis: An analytical perspective.— To ex-
plain this new phenomena theoretically, we linearize
Eqs. (1a)-(1b) introducing a new basis Q±[k, t], defined
by,

Q±[k, t] =
∫

dz e
i (ε[z] t↓k z)(S±[z, t] · (ê1 → i ê2)

)
. (3)

Eq. (3) reduces Eqs. (1a)-(1b) into a time-dependent
ODE for each wavenumber k, removing explicit z-
dependence while incorporating the spatial variation of
ω[z] through the constant slope m, resulting in the fol-
lowing form:

ϖt

(
Q+
Q↓

)
= A2↔2[t]

(
Q+
Q↓

)
, (4)

where

A2↔2[t] =
(

→i(k → mt) + 2iµε →2iµε

2iµ i(k → mt) → 2iµ

)
. (5)

By performing a similarity transformation on Eq. (4) us-
ing a 2 ⇐ 2 matrix P2↔2[t], constructed from the eigen-
vectors of A2↔2[t], to diagonalize A2↔2[t] at each time

Bhattacharyya+ (2504.11316) says
“Inhomogeneous matter can suppress 
the flavor conversion.”

Dominant unstable mode is shifted due to 
background matter.
 -- It prevents it from evolving sufficiently?

Competition between growth time scale 
                          vs. matter inhomogeneity

Bhattacharyya+ ‘25

shift

Growing mode
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Bhattacharyya+ (2504.11316) says
“Inhomogeneous matter can suppress 
the flavor conversion.”

But, investigated for 
• local & periodic sim.
• constant ν number density in space.

 → For global geometry?
      Gradient as a global geometry.

Bhattacharyya+ ‘25

shift

Growing mode
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ξ is an attenuation parameter
 handling oscillation scales.

Nagakura & MZ PRL ‘22
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1D spherical symmetry:
• N_(r, Eν, θν) = 24,576×1×128

• Δr ~ 25 cm
• Δt ~ 2 ns
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Asymptotic behaviors are the same
 irrespective of attenuation!

Time averaged over the quasi-steady state

No matter background & Attenuation dependence
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Background number density:

Attenuating Hamiltonian: ξ Hosc

For ξ = 10-4, λ0/µ0 = 1, 4 & m = 0, -1, -3
                                      ΔR = 50 km

For ξ = 10-2, λ0/µ0 = 1, 20, 30 & m = 0, -3
                                      ΔR = 0.5 km

Rin: inner boundary
c.f.) Neutrino flux ∝ r -2
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2

B. Model

To investigate the impact of matter inhomogeneity for
FFI, we parametrize the radial profile as follows:

ω(r) = ω0

(
r

Rin

)m

, (6)

where ω0 denotes the matter density at the inner bound-
ary r = Rin and m is the power with respect to the ra-
dius. The matter gradient parameters cover over ω0/µ0 →

{1, 4, 10} and m → {0, ↑1, ↑2, ↑3}, scaled with the self-
interaction potential µ0 at the inner boundary. Then,
the phase shift term by the matter potential is

!0 = ω(r). (7)

!j=1,2,3 comes from the fluid velocity field but should
be negligible compared to the neutrino velocity field.
Thereby, the matter inhomogeneity inflences only the
zero-th (temporal) component in the phase shift, and
only the neutrino potential works against the spatial
components. Throughout this study, we focus on the
temporal phase shift at the local spatial point:

”#Re(r) ↓ !0(r) + $0(r). (8)

In our study, we set the boundaries Rin = 50 km and
Rout = 100 km as the inner and outer ones. We then
adopt the Dirichlet boundary condition for incoming neu-
trinos from the both, whose angular distributions for each
species are given by at the boundary

gωω(v) = nωω

{
[1 + εωω(v ↑ 0.5)] (for v ↔ 0)

ϑ (for v < 0)
(9)

where ϑ = 10→6 is a dilute flux, and for outgoing neu-
trinos, the free boundary condition is adopted. In our
model, the neutrino number density at the inner bound-
ary is set as nωe = nω̄e = 6 ↗ 1032 cm→3, and the
anisotropic parameters as εωe = 0 and εω̄e = 1. Since
we focus only on FFI, heavy-leptonic flavors ϖX do not
have any contribution, and thereby we set nωX = 0 for
the incoming components for simplicity.

To solve numerically Eq. (1), we newly devel-
oped “GANTS-QK” (GPU-Acclerated Neutrino Transport
Simulator with Quantum Kinetics). See the details
in Appendix A. We adopt the attenuation parameter as
ϱ = 10→4, 4 ↗ 10→4, 10→2, 1.

III. RESULTS

A. Flavor Conversion

B. Adiabaticity for Flavor Waves

The variation in the growth of flavor coherence can be
evaluated by the ”adiabaticity” for flavor waves. Even if

FIG. 1. Dispersion relation in the case of (ω0/µ0,m) =
(1,→3). Dashed lines are on the shifted frame (ε, k), while
solid ones are on the true frame (!,K). Color contours de-
note dispersion relation at certain radius.

FIG. 2. Radial profile of the maximum growth rate Im!
(dashed) and the corresponding frequency Re! (solid).

flavor wave stay on the unstable branch in the dispersion
relation at certain radius, it cannot possibly follow the
change of the branch with propagation.

The time scale of flavor instability is given by

ςinst ↘
1

Im#
. (10)

During the time, the unstable branch can be shifted with

φ→1
ph ↘ |Dt(Re#)| ςinst, (11)

where Dt is a Lagrange derivative. The condition that
flavor waves can adiabatically grow with time is that the

<latexit sha1_base64="8lvE6TbdBkOpzhznaTvhZG5frD0="></latexit>
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Significant decrease of matter density 
until the onset of ν-osci.
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FFI, we parametrize the radial profile as follows:

ω(r) = ω0

(
r

Rin

)m

, (6)

where ω0 denotes the matter density at the inner bound-
ary r = Rin and m is the power with respect to the ra-
dius. The matter gradient parameters cover over ω0/µ0 →

{1, 4, 10} and m → {0, ↑1, ↑2, ↑3}, scaled with the self-
interaction potential µ0 at the inner boundary. Then,
the phase shift term by the matter potential is

!0 = ω(r). (7)

!j=1,2,3 comes from the fluid velocity field but should
be negligible compared to the neutrino velocity field.
Thereby, the matter inhomogeneity inflences only the
zero-th (temporal) component in the phase shift, and
only the neutrino potential works against the spatial
components. Throughout this study, we focus on the
temporal phase shift at the local spatial point:

”#Re(r) ↓ !0(r) + $0(r). (8)

In our study, we set the boundaries Rin = 50 km and
Rout = 100 km as the inner and outer ones. We then
adopt the Dirichlet boundary condition for incoming neu-
trinos from the both, whose angular distributions for each
species are given by at the boundary

gωω(v) = nωω

{
[1 + εωω(v ↑ 0.5)] (for v ↔ 0)

ϑ (for v < 0)
(9)

where ϑ = 10→6 is a dilute flux, and for outgoing neu-
trinos, the free boundary condition is adopted. In our
model, the neutrino number density at the inner bound-
ary is set as nωe = nω̄e = 6 ↗ 1032 cm→3, and the
anisotropic parameters as εωe = 0 and εω̄e = 1. Since
we focus only on FFI, heavy-leptonic flavors ϖX do not
have any contribution, and thereby we set nωX = 0 for
the incoming components for simplicity.

To solve numerically Eq. (1), we newly devel-
oped “GANTS-QK” (GPU-Acclerated Neutrino Transport
Simulator with Quantum Kinetics). See the details
in Appendix A. We adopt the attenuation parameter as
ϱ = 10→4, 4 ↗ 10→4, 10→2, 1.

III. RESULTS

A. Flavor Conversion

B. Adiabaticity for Flavor Waves

The variation in the growth of flavor coherence can be
evaluated by the ”adiabaticity” for flavor waves. Even if

FIG. 1. Dispersion relation in the case of (ω0/µ0,m) =
(1,→3). Dashed lines are on the shifted frame (ε, k), while
solid ones are on the true frame (!,K). Color contours de-
note dispersion relation at certain radius.

FIG. 2. Radial profile of the maximum growth rate Im!
(dashed) and the corresponding frequency Re! (solid).

flavor wave stay on the unstable branch in the dispersion
relation at certain radius, it cannot possibly follow the
change of the branch with propagation.

The time scale of flavor instability is given by

ςinst ↘
1

Im#
. (10)

During the time, the unstable branch can be shifted with

φ→1
ph ↘ |Dt(Re#)| ςinst, (11)

where Dt is a Lagrange derivative. The condition that
flavor waves can adiabatically grow with time is that the
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µ0 = µ(Rin)

With matter background & Large attenuation:
 Flavor conversion can be suppressed.
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Attenuation vs. Matter Gradient
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Not resolved
 for lower reso.

• 2π/ξµ ~ 160 cm
• Δr ~ 1 cm (Nz ~ 49k)

Lower reso.

Higher reso.

With matter background & Small attenuation:
 Flavor conversion can occur.
 But a higher resolution is required to resolve shorter matter oscillations.
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Note:
Advection is not attenuated.
à ξ-dependence

Growing mode vs. Background Shift
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⌦ 2 C

Dominant growing modes move away  due to the advection
                                     toward the outer radii.

plane-wave ansatz:

Growing rate
      vs. 
Background change rate

Adiabaticity 𝝐𝐚𝐝

Dispersion relation (Ω, K)
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FIG. 2. Dispersion relation in the case of (ω0/µ0, m) =
(1,→3). Dashed lines are on the shifted frame (ε, k), while
solid ones are on the true frame (!, K). Color contours de-
note dispersion relation at certain radius.

FIG. 3. Radial profile of the maximum growth rate Im!
(dashed) and the corresponding frequency Re! (solid).

with the linear weight ωk = (0.1, 0.6, 0.3) for the fourth-
ordered WENO scheme. Here εk denotes a smoothness
indicator on substencil Sk, and ϑ = 10→6 be a param-
eter to avoid dividing by zero in the denominator. To
sustain the numerical stability more safely, we introduce
a normalization factor Q and another limiter ϑ2 for the
original limiter ϑ:

w̃k =
ωk

Zk
, (A2)

FIG. 4. Radial profile of group velocity vg. Color contours
correspond to the di”erence in matter gradient.

FIG. 5. Radial profile of adiabatic condition ϑad for the cases
of ω0/µ0 = 1 (top) and ω0/µ0 = 4 (bottom). Color contours
correspond to the di”erence in matter gradient.
Discuss together with e-folding time?
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2

B. Model

To investigate the impact of matter inhomogeneity for
FFI, we parametrize the radial profile as follows:

ω(r) = ω0

(
r

Rin

)m

, (6)

where ω0 denotes the matter density at the inner bound-
ary r = Rin and m is the power with respect to the ra-
dius. The matter gradient parameters cover over ω0/µ0 →

{1, 4, 10} and m → {0, ↑1, ↑2, ↑3}, scaled with the self-
interaction potential µ0 at the inner boundary. Then,
the phase shift term by the matter potential is

!0 = ω(r). (7)

!j=1,2,3 comes from the fluid velocity field but should
be negligible compared to the neutrino velocity field.
Thereby, the matter inhomogeneity inflences only the
zero-th (temporal) component in the phase shift, and
only the neutrino potential works against the spatial
components. Throughout this study, we focus on the
temporal phase shift at the local spatial point:

”#Re(r) ↓ !0(r) + $0(r). (8)

In our study, we set the boundaries Rin = 50 km and
Rout = 100 km as the inner and outer ones. We then
adopt the Dirichlet boundary condition for incoming neu-
trinos from the both, whose angular distributions for each
species are given by at the boundary

gωω(v) = nωω

{
[1 + εωω(v ↑ 0.5)] (for v ↔ 0)

ϑ (for v < 0)
(9)

where ϑ = 10→6 is a dilute flux, and for outgoing neu-
trinos, the free boundary condition is adopted. In our
model, the neutrino number density at the inner bound-
ary is set as nωe = nω̄e = 6 ↗ 1032 cm→3, and the
anisotropic parameters as εωe = 0 and εω̄e = 1. Since
we focus only on FFI, heavy-leptonic flavors ϖX do not
have any contribution, and thereby we set nωX = 0 for
the incoming components for simplicity.

To solve numerically Eq. (1), we newly devel-
oped “GANTS-QK” (GPU-Acclerated Neutrino Transport
Simulator with Quantum Kinetics). See the details
in Appendix A. We adopt the attenuation parameter as
ϱ = 10→4, 4 ↗ 10→4, 10→2, 1.

III. RESULTS

A. Flavor Conversion

B. Adiabaticity for Flavor Waves

The variation in the growth of flavor coherence can be
evaluated by the ”adiabaticity” for flavor waves. Even if

FIG. 1. Dispersion relation in the case of (ω0/µ0,m) =
(1,→3). Dashed lines are on the shifted frame (ε, k), while
solid ones are on the true frame (!,K). Color contours de-
note dispersion relation at certain radius.

FIG. 2. Radial profile of the maximum growth rate Im!
(dashed) and the corresponding frequency Re! (solid).

flavor wave stay on the unstable branch in the dispersion
relation at certain radius, it cannot possibly follow the
change of the branch with propagation.

The time scale of flavor instability is given by

ςinst ↘
1

Im#
. (10)

During the time, the unstable branch can be shifted with

φ→1
ph ↘ |Dt(Re#)| ςinst, (11)

where Dt is a Lagrange derivative. The condition that
flavor waves can adiabatically grow with time is that the
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Summary & Discussion

• Attenuated flavor conversion
   vs. Background gradient in global geometry.

• Large attenuation hinders flavor conversion even under 
comparable ne.

• Calculation of small attenuation demonstrates that the 
strong suppression is artificial.

• Evaluating adiabaticity in flavor evolution.
• Using linear stability analysis.

• Similarly applicable for realistic CCSN models.
• Nevertheless, too weak growth rates could be defeated 

by a steep density gradient/fluctuation.
• Need updates to the QKE modeling w/ consideration of 

the background?
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